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approach outlined.

Introduction
(GuTOECUSUTUTEVETUEOELTETOO00Ta0ub0ubUu OSTOuOTETU-
sary to reduce the costs of raw materials, to improve
UxTEDrEux U0 TUBTUWOUIOUE TUDTOUESTOEUUEO O OUB RGO
for new applications. To meet these needs, the use
of personal experience and published scientific
literature is advantageous. In recent years, the crea-
tion of large glass property databases has facilitated
systematic glass property modelling and property
measurement evaluation. It is no longer required to
search worldwide for numerous individual publica-
(OOUUTTEUERO TWx TEDrEnxUOX TURTUBSTTEOO O TUEDE A
available systems SciGlass® and Interglad® combine
the majority of glass research papers from over a cen-
tury, including the associated references. In addition,
SciGlass gives details about measurement methods.
Furthermore, predictions are possible in SciGlass
through models published previously, and Interglad
includes a predictive linear regression feature.
Despite the recent progress, there are several
shortcomings in these commercial tools:

(1) Numerous experimental data from various inves-
(PTE0OUOWERFT Ul TODrEEOU020 TYTOu PRI TEOUIBO X0y
glass systems and for well investigated properties
(see Figure 8 in the discussion of future work).

(2) Many predictive glass property models exist
pOuUTTutRUTUEOUUTOEOE Uil OOTIROTUWEDSEU0LIOU
decide which model is the most appropriate.

(3) Industrial glasses have complex compositions,
and it is not always possible to predict properties
through commonly used linear property—compo-
sition relations.

Now at xxxxxxxx. Email XXXXXXXXXX@xxxx

(4) Some of the published models are based on sci-
100 rEuxBOED>0TUOWET DY TELEUIUOXBOOUWEEOUL
the details of chemical bonding within a glass.
Therefore, experiments need to be interpreted
oI TEGOTEEWOWTOUTWEDT Oy Enx UDOEDXOTUOUIOLTOUTY
derived assumptions about the details of chemi-
cal bonding within a glass) before some models
can be established. This can be a source of error
based on the accuracy of this interpretation.

okAu 200 Ty OOE 100 EOOWET U (T Tu TRx T TOUEN rOE-
ings of a few or only one single investigator, i.e.
systematic errors of a few investigators easily can
lead to incorrect conclusions. Systematic errors
of whole data series are known in glass science
as described below in Table 2, and referred to at
the end of Step 7 of the statistical analysis (outlier
analysis, data leverage).

(6) The prediction errors for models based on one
BOYTUNTEIOUUTRTEN(TTuOTEUOUTO 100 xUTENIROO
in her/his laboratory, but it is not possible to
conclude how such prediction errors will relate
to those based on data from other laboratories.

(G TEUPOUOMEOIEYTO X UBIIOEE TWOOYTUEOO T TTUTY
problems above for practical application in glass
technology. The goal is a method that features quan-
titative prediction accuracy and simplicity. Therefore,
it is not a requirement to have an expert knowledge
of all details of the nature of glass, the published
modelling techniques, or advanced mathematical
procedures. Itis also not necessary to acquire expen-

UpY TWOS PEUTETWETUEOOOOOWXUTEEITTINWOS PEUTY

like Excel) or a high performance computer. However,

itis strongly advised to rely on experience about the

UUEITELOEYTUEOEMInOUREITNOOE TEREEIT EWOSPEUTY

that can perform some of the procedures described

in this tutorial automatically.
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High accuracy can be obtained by using (1) a
large number of experimental findings from the
commercial SciGlass and Interglad databases and (2)
well established statistical analysis techniques. The
statistical approach outlined here is not original in
general, as numerous publications can be consulted
about the topic,*2up Y 1010Y TUIPOETOI0WT U Ol Ty
current work, the statistical method largely follows
general techniques that are applied successfully, for
example by Harold S Haller & Company™ in busi-
ness consulting, by Bechtel Hanford Inc. for nuclear
trol glasses. “220ERUIBEENE OE(AUBUBUENIOUr VO0aul UIEE-
lished in numerous areas in quality control, economy,
biology, sociology, politics, etc., to mention just a few
applications. The range of applications underlines the
basic character of statistical analysis that has been
ignored for too long in glass science.

Statistical analysis in glass science and
technology

$UOUl EETW. YORETOYNEOEY a6 H00T0OEOOHONREITEy
methodical studies of glass properties in the 19th
century, creating the basis of modern glass science
in Jena, Germany. They considerably improved the
use of glasses for special applications, e.g. for optics,
thermometers, and as a thermal shock resistant mate-
UBEN6 D00 TIOEOOUOIRETOVuxUERITTELT TurUULWOOETN
that allowed the prediction of glass properties based
on the chemical composition, using the additivity
principle,®*'¥ i.e. multiple regression using linear
functions. This principle is based on the assumption
that the relation between the glass composition and a
UxTEDIrEux U0 10020000 1 EU0AUTOEITEWOUEWNEOO %0010l
concentrations. In this case all of the component
BORUTOETUEEOIE TWUOOTEIEWION0PU

n
Property U 0o U [ I;C; (1)
i01
where ¢, in Equation (1) is the model intercept, n is the
IOIEGOUOETUO BT ORr EECUTOEVNEOO x 00T 0L REOUE-
ing the main component (usually silica), the i values
EUTLUTTupOEDYDEUENOUOETULOMITTuUsTORr EEGH TOEUUL
components, the dYEOUTUEUTUTTEOO OO 10010 TEDYrEu
EOTSENOINEOEWTTIC; values are the concentrations
of the glass components (also called model factors or
independent variables).

The additivity principle allows for very precise
and accurate predictions within limited concentration
ranges,®***>29 that cannot be reached by structural,®-
) thermodynamic,®>¥ or molecular dynamic®-®
modelling approaches. Because of the simplicity of
the technique, the ease of interpretation, and good
xUTEDEIROOLUTUUOI0L BBITEON U TEDY TEL DO SBUEROOU
(1) is most widely used for glass property modelling.
The additivity principle cannot however be applied

for modelling glass properties over wide concentration
ranges because of component interactions.

The glass models summarised above are not dif-
ferent in principle. Procedures expressed through
T@UEROOUNEEUTEOOuUx TEDYrEs YEWEETUuEUTuEOPEA
established for property—composition relationships.
The variables and equations vary, however, and
sometimes the variables are derived beforehand
from basic principles (“ab initio”) which are in turn
based on other (basic) observations such as the atomic
mass, bonding distance, bond strength, electron af-
rOp20UIOETHOOTIANOUTITOTOIEWETEUTTRWTTUTIOUTN
all models are empirical by nature, while in ab initio
models the empirical character is hidden within
IUOEEOTOUENOE P ULEEOUN xUOx TU0au UTOEROOUH - STOMW
property modelling derived from other observed
xUOxTU0RTULBUN0TUUN UTODEEOTwoE V0N UERTOlRrEEN &AW OOUTY
interesting) than direct modelling of observed prop-
P 100: UOETUNIOOEN I TPu OOET0U TR P TTUTUEDFTUTON
kinds of properties can be mutually derived from
each other, e.g. thermodynamic and rheological
properties, even though rheological properties can
be determined from thermodynamic properties.
3T TurOEWTOERUIOIINderstand the meaning of all the
variables and relationships in glass models in detail.
In the current work, it is suggested that the problem
should be approached stepwise, i.e. an empirical
start is made using simple linear and polynomial
relations between the glass composition and observed
properties. Once all relevant phenomena have been
recognised and organised by means of basic statistical
analysis, the step from observation to interpretation
EEQE TixTUIOUOTEIPITIOUETUIT TTUEOOr ETOETWTESY
without statistical analysis.

In the following paragraphs, simple statistical
analysis will be developed for glass property model-
ling as the most basic tool of data organisation and
interpretation.

Single linear regression using linear functions

Property=¢q+$,C (2

The terms ¢, and ¢, in Equation (2) are regression
EOTSEDIOU and C is the regression factor or independent
YEWEEOT (glass component concentration). Equation (2)
can be used for glass property modelling in binary
systems within narrow concentration limits.

Single linear regression using polynomial functions

Property=d,Hd, ""Ho,CHp,C3+... ©))

Equation (3) can be used for modelling in binary glass
systems within wide concentration ranges as Igpg as
UUSEnTOUEEIEN RIVIEOEWTEUxux U0 1U02ul RIUTOE®"*
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EEUUTEuEauUpTORrEEONEVAUIERUEIROOW x TEUTuUT <EUE-
(pOOCOOUOUT T UuT FTEIE QuUOOIOEEU

Even though nonlinear polynomial functions are
used in Equations (3), (6), and (7), those equations are
still linearBOWTTEOT SENTOINEOELTTAEUTWONTEWNOTY
linear UTTUTUUBO0M (00iEOT SERTOINOIUITTU T T T TUOUETU
terms in Equations (3), (6), and (7) are determined
in exactly the same way (through Equation (12), see
ET0OPAEUIT Tur U00OUE TWEEERRY TWTUOUnOi$@UEROOUL
(1), (2), (4), and (5). An example for non linear regres-
sion is described below.

Multiple linear regression using linear functions

Property=0.H0,C,H,CHp,Cst... 4

Equation (4) is identical to Equation (1). It may be
applied for glass property modelling in multicom-
ponent systems within narrow concentration ranges
under exclusion of sharp property extrema such as
caused by crystallisation, phase separation, and other
in this model form.

It needs to be mentioned that the intercept in Equa-
tions (1) to (4) may be eliminated if the main glass
component silica (SiO,) is included in the equation.
For example, in the binary system SiO,—Na,O Equa-
OO I WO EAE TUIOOEDK TEIEUIG000PU
Property=¢,H$,C(Na,0)&4,C(SiO,)Hp,C(Na,0)+... (5)

[Author: please check this equation, not sure about
the second "="]

The approach using an intercept is called U0EEQu
YEWREE(I» (SV) technique and the approach without
results in a PEEOOOIEED? or P2ETIFG? type model.®
Both approaches are very similar statistically; how-
ever, the canonical form of the model is expected to
produce slightly more accurate predictions if the
OEXOEOO*OOTOUEOOETOIEROOWYEURT UIBT O EEOIOAUOUL
even approaches zero. The slack variable technique
will be the main focus of this study because it can be
straightforwardly applied to common binary systems
such as SiO,~Na,O using squared and cubic terms for
Na,O that are not allowed in the canonical technique,
as discussed in the following section. Most com-
mercial glasses contain silica as the main component
(about 40 to 85 mol%) that can be excluded, and slack
variable modelling results can be interpreted easily:
EuUxTEDrEuEOT SERTOUUTOP (T TuxU0x 100w YEREROOL
caused by the exchange of 1% of the considered com-
xOOT 00 OULRREELS TTIO U= TWI TUTUUROOEOT SEDT Ol
obtained with the slack variable (SV) technique are
similar to the values commonly depicted in “spider
graphs”.®® Except for the constant term, ¢, the SV
EOT1SERTOUU OUUNETupGITUXUTUTELEULUTUU0ROTu VOO
interactions with the excluded main component silica
(Ref. 6, p15-18 and 333-343); while in a canonical

OOETOTTEOT SENTOIUTOPWT Tul RIVExOOEIT EpxUOX1U-
ties of the related pure components in the (theoretical)
vitreous state. All equations described in this work
can be applied for the SV and canonical modelling
approaches as described below.

Multiple linear regression using polynomial
functions

Property:¢ow¢lc_lw¢2C2|-U¢3(_:3+U6 H,C12HsC,2HdCo+ ..

Equation (6) is analogous to Equations (2) to (5). The
exact form of Equation (6) for the SV regression model
using polynomial functions of the second order

nr n
Property 0 0o 0 0 50iC; 00;C20 O DikCiCkE @)
ig1- 00p01

where ¢, is the intercept, ¢; are the single component
coefficients and the coefficients of squared influ-
ences, and ¢y lEUTUTTUEOT SEDTOILOTIPOIEOO %001
interactions. The variable n in Equation (7) is the total
OUOETUOIITTITORrEECUTIEVNEOO*OOT O RECUENO Ty
silica; j and QuEUTuUTTupOERETUOTIT TuURTORIrEEGH TOEIUL
components, and the C-values are the component con-
centrations (excluding silica) in mol or mass fraction or
percent (preferably mol fraction or percent). Equation
(7) or its canonical variation may be used for glass
property modelling in multicomponent systems over
wide concentration ranges.**-* Sudden property
changes, such as changes caused by crystallisation
EOETOU TEUTWT<EUEROOMEUTUED S EUNIIOETUEWRE Tubbi Ty
multiple regression using polynomial functions;®®
therefore, advanced nonlinear functions should be
applied in these cases. For example, only within very
limited concentration ranges can glass liquidus tem-
peratures be modelled with linear regression using
polynomial functions,®%¢-%) as long as the primary

If all high order terms are examined in a second
order canonical model, then only cross product terms
(CiC), and no squared terms (C?), are allowed to
avoid over-parameterisation caused by the mixture
constraint C,;+C,+C;+...+C,=100%. However, if only
some of the second order terms are populated, then
both cross product and squared terms can appear in
a “reduced” model.™

Multiple nonlinear regression using advanced
functions

It is possible to introduce advanced functions into
Equation (7), or the structure of the equation may be
changed completely. Chemical equilibria between spe-
cies in glass may be considered.®*444™ The exact cal-
culation of chemical equilibria based on equilibrium
constants and total concentrations requires the solu-
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tion of high order polynomials, e.g. a second order
polynomial for a two component mixture including
one interaction,®yOUENr STuOUETUxO0ad0OpEN IOULE
three component mixture including all three pos-
sible two component interactions. Multicomponent
mixtures can be calculated numerically using a high
performance workstation.

A widely applied nonlinear approach is neural
O10POUOLUTTUTUUR00:™ logistic activation functions
such as e*/(1+e*) or tanh(x) are used as “neurons”
that make graduated yes/no “decisions” according
to the input signal. Several neurons are connected
100000 TuUx TEDY TELUUOT U0 x EUIDEN0aW EOOXEUEENT W (0
neural networks in biology. The connections between
(TTOTOUOOUEUTUP THTTUTEM AT TWITOEMUEO Xy 1E
OUUTEUETELSTTRPITT TIU2EU T T Tur YO TEEOT SEPT Ol
that are optimised using neural network regression.
Dreyfus et al®® demonstrate the application of neural
network regression for glass property modelling.
They show that neural network regression is ad-
vantageous compared to multiple regression using
polynomial functions if the glass property does not
change gradually with the chemical composition, but
sharp property extrema do occur such as liquidus
UOUTEET U/ 00200 OpENTUOEIROOUEuOOU rlul T TuUTEUxu
extrema well that may appear in glasses because of
crystallisation or phase separation.

For building a neural network, component inter-
actions have to be assumed and the total number of
adjustable weights in neural networks regression
needs to be always larger than two times the number
OluUFTODrEEOIN TOEUILEOO xOO0TOUUG STTUTIOUT OTUUEN
network regression requires a very high number of
data points within an experimental region where
interactions can be investigated. Typically multiple
training sets are used to “teach” the neural network
prior to application to prediction. Each training set
will require at least as many data points as adjustable
weights used by the network to predict response.

Advanced procedures for obtaining optimal
regression ts

During regression analysis, often the “ordinary
least squares” (OLS) technique is applied to derive
EOT SEpT OUUOUM EETUEEIOUITRULTETORRU TuODORORUT U
(TTwU0OLOTUUGUEUTUL Ol T TUEDFTUTOETWETIP TTONIT T
observed and calculated glass properties (unexplained
100000UTUREUEQU). 1t is assumed that all unexplained
errors are normally distributed with a mean of zero
EOEuPHTUOOOUIUEREOUUTOEIROOIOTuTUUOUUG2DT OB EEOUL
O0UGRTUOUTEWORUTOETWITTWUTUUMUTOUIELOOUT REUUG(iu
those conditions do not apply, then advanced pro-
ETEQUTUIOUOEIERGRO TUOXBOERUTTUTUUROOur IUEEOUE Ty
used, e.g. robust regression.>™

For glass property modelling, it is commonly not
UT@URUT EuluT YEOUEITui 00T T Our YpOTUO TUTOEETUDE T U

OLS. In addition, the leverage analysis described
below in the section “Step 7: Outlier analysis, data
leverage” allows the detection and handling of out-
T TENDORUTOE TWITTUUTUD0E

Limits of regression analysis for glass property
prediction

In principle, regression analysis can be applied to
glass property data so long as a systematic relation
exists between the experimental conditions such as
concentrations and the resulting properties. How-
ever, even though regression analysis can be used
in almost all cases, it may be used incorrectly. The
most important issue is the possibility of sharp ex-
trema in glass properties. Besides crystallisation and
X TEUTWT<EVEGROOul F1EIUBUTEUxul RIUTOEIOEAOEEUUBOY
glasses with a network former content higher than
WKuUOUNYUO O CaEOUTREO x0TI T Tu+p0T000uUOS 1000 T
point of 100% pure silica glass may be estimated
as 1666250°C from 54 datapoints in SciGlass.® If as
pUOTUEUY Y RO BOTIUOEDU OUORDE TipUOIUOEUETEWITTOu
(TTu+DYOTI00WOS 1080 TuxOpOWE TEUTEUTUEUE O EDEE AL
to 1280°C according to Leko.®” In addition to high
silica glasses, sharp property extrema may also be
expected for glasses with high concentrations of B,O,
(based on modelling studies of the author; see also
publications by Appen and Gan Fuxi), P,Os, and GeO,
or if extreme compositions have to be quenched fast
to prevent crystallisation (e.g. 50 mol% Na,O plus 50
mol% SiO,). Sharp property extrema also appear to
exist in alkali aluminosilicate glasses with high Al,O4
concentrations,”® especially at low temperatures if
ITTUOOIEWUENRGY  Ov—EpUE x xUORPOE(T dauhulOuug 15

If sharp property extrema occur that cannot be
described through the inverse of concentrations, then
advanced regression techniques must be applied.
$BUEROCupAl O UUIE TuOOEDyr 1EWUUEUIEOIDEWNOULIT Ty
model application range must be narrowed. 7%

Many property data in glass related scientific
publications were not obtained using optimal experi-
mental designs, and most papers were not published
in mutual cooperation. This fact leads to sometimes
strong correlations among the model variables (see
below, section “Step 4: Correlation analysis™), i.e. vari-
ables partly depend on each other. Strong correlations
can be excluded through the procedure described
below, but even weaker correlations always need
to be considered during interpretation of the model
results (see below).

For models based on simple assumptions,
advanced interpretations are hardly possible. For
example, it is completely out of the question to
derive atomic radii, chemical equilibrium constants,
or properties of pure silica from polynomial models
based on a few soda-lime-silica glasses. Model appli-
cation limits must be followed as described below in
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the section “Step 9: Model application”. Sometimes,
interesting interpretations can be derived from mul-
tiple regression models, for example about the mixed
E0OE T FTELEOEWTTOORUTOETUOIEEIETUOETUEINOOL
the glass viscosity."” Advanced regression models
may allow further interpretation.

Selection of the appropriate regression technique

In general, regression analysis should be used accord-
OTWOUTTEYENEEOEEIENS DITBOOEIOPIEOOETOIUEROOL
limits, the linear additivity approach is most appro-
priate whereas wider concentration limits require
polynomial functions. If property extrema appear
(e.g. through crystallisation, phase separation, or in
glasses with a network former content higher than
90 mol%) that cannot be described via the inverse of
concentrations, then advanced regression techniques
should be applied. The transition between the re-
gression approaches is gradual. Most important for
deciding which technique should be used is the study
of the linear correlation matrix (see below, Step 4: Cor-
relation analysis) of the available concentration data
as well as the analysis of binary, ternary, and other
related systems for evaluating the crystallisation and
phase separation tendency, the property extrema, and
general property trends.” In addition, all the mod-
elling techniques not based on regression analysis
that are summarised in the introduction should be
TYEQUE(TEWEEEOUEDO TUIOWEDT ORI EsT R TURTOETG

Regarding commercial silicate and borosilicate
glasses, it is recommended in this paper, for practi-
cal reasons, to initially apply the additive multiple
regression technique according to Equation (1) or to
introduce selected higher order terms according to
Equation (7). It will be explained below, beginning
with the section “Step 3: Selection of the model type;
establishment of all possible variables”, how the
higher order terms are selected.

Analysis procedure using common
spreadsheet software

Step 1: Selection of the source data
The glass property of interest must be defined.
According to general previous experience a glass
composition region should be selected. The compo-
Ub0ROOENUTTIOOUEOTULOOU OTTELIOUETuY TUaWUX TEDYEuED
rU00Bu(0u0u T 10 T00u00uT RIVEENEONE YENEETuYEUTUIUOOU
the databases SciGlass® and Interglad,® and other
data sources. If the desired property was never or
only seldom investigated in the compositional area
of interest, then new experiments should be designed
and performed.

The uniformity of the selected source data (the
frequency of outstanding or special glass composi-
tions within the source data) can be evaluated with

the leverage analysis described below (h-value). In
many cases, outstanding glass compositions can
be recognised empirically by sight without further
calculations. If possible, outstanding glass composi-
tions should be excluded from the model, or it should
ETuYT0r TESUTENUTTuUT>O00T EuxUOxTUIRTUEUTuEOUUTED
through repeated experiments.

All concentration values must be converted to
either mol%, wt%, or concentration ratios, where
mol% may be preferred, especially over relatively
wide concentration ranges. Models based on mol%
can be interpreted more easily, for example regarding
ITTuOBRTEUEIOE T FTER

Step 2: Calculation of property xpoints and error
normalisation
%OUOEIERORO TIOX DO ENUTUTUU0RIBUETOT rEDECIOWIEAUE Uy
close to the original data as possible. For example, it
BUETYT 000w (OU TROEYBUEO I AEEUETEOU T ETUBY TEu
constants of the Vogel-Fulcher—-Tammann equation,
as demonstrated by Fluegel and co-workers.®"
Furthermore, properties should be preferred that
require as limited a number of measurements as
possible to reduce error propagation. For instance,
glass corrosion rates may be expressed in mm/day;,
which requires measurement of only the corrosion
layer thickness and time. Glass corrosion rates may
also be expressed in g/m?day, where in addition to the
corrosion layer thickness and time, the glass density
also has to be determined. Three measurements are
likely to contribute more error to the desired property
than two measurements.

wxUOx TU0awrRx080WOUUIE TWITOTENT El OUEGWTIEUUT Uy
that need to be analysed. If possible, not only the
directly given data may be considered, but also safe
interpolations should be taken into account; e.g. if a
property is known at 800°C, 900°C, and 1100°C, it is
in many cases possible to estimate for 1000°C.

For selecting an appropriate scale for the property
rR>0p00D0BUU T @UBUTEDODIREN WO UROEITTTLOY TUEN
error distribution. For example, it can be assumed that
all density measurements expressed in g/cm?® have a
similar error, independent from the absolute value;
BETBEUTOEVUIE TOURlauTul¢kiTvED® can be measured with
approximately the same precision as a glass density
of 5 g/cm?. This is not the case for all properties. For
example, a glass viscosity measurement at 100 Poise
is related to a much lower absolute error than a
viscosity measurement at 10" Poise. However, the
relative errors of all viscosity measurements are closer
to aconstant, i.e. a constant percentage of the absolute
value. Therefore, viscosities are commonly expressed
on a logarithmic scale, also called data transformation,
which normalises relative errors to absolute errors. In
%0 TOU Tl TTORUTOE OO0 TEURIT OBENUEOUIOUOERGOL
on the observed property is demonstrated.
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Figure 1. Non transformed and transformed data

In glass technology, it is recommended either to
model the desired glass properties directly without
data transformation or to determine the logarithm
(natural or decadic) of the property.

Figure 2 illustrates the systematic approach con-
cerning instances when logarithmic transformation
10U TUUOUOOUOERUEROOLUTOUELE TUEOOURETUTENESTUL
modelling a plot of the observed property values
YT0UOU 0T TuEDFTUTOETUu OluOEUTUY T Eu EOELEEOEUOEDT Eu
property values (residuals) shows increasing residual
variance with increasing property value. In other
words if large observed property values appear ap-
parently as outliers as seen in Figure 2 logarithmic
transformation for error normalisation is advised.

Besides the logarithmic approach, further error
normalisation techniques are not common for glass
property modelling. In a few cases reciprocal nor-
malisation is possible.

Step 3: Selection of the model type; establishment
of all possible variables

It is proposed to select the model type from Equa-
tion (1) for narrow concentration ranges if only few

experimental data are available, or Equation (7)
otherwise. In glass technology, it is seldom required
to apply more advanced functions.

For facilitating practical application, a statistical
analysis example will be demonstrated below. The ex-
in two laboratories, will be analysed with Equation
phuks PRITDOUEL rYTuEOO <001 00 TOEUUW UAUIT Odu 3EETuhw
TOYTUTTEOOETOIEROOUOTIT Tur YTEOOXOOTOIUy 0wl
C, D, and E, the related property, and the laboratory
designation. It may be known to the statistical analyst
that in Laboratory 1 a new measurement method was
EYTOXITENTENWUEIIOO T EWOUE TUEUUTOURIRY TulOuTOENUL
composition changes as the well established method
used in Laboratory 2, but also that is assumed to not
give the correct absolute property value.

If component interactions need be analysed, sev-
eral columns need to be added to Table 1 that contain
the concentration products of interest, such as B.C,
B.D, and B.E as well as squared terms, e.g. B2 In this
example, nonlinear terms will not be considered.

If the glass compositions to be analysed contain
elements in various oxidation states, every oxidation
UEITWTOUOEETDOIOEUET EEUEUT XEVEITYEREENT & - STOU
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Table 1. Example glass composition—property data for
statistical analysis

Compositions in % Property

A B C D E
+EEOUEIOUAh WU whu  wYs  fw oy HNEKu
U Ay i i W U Wy fukgll
U A U Ky U A N U hullgk
U AMu Ay U Wy ku U Ky +Hygll
U Wty U Ny uYu +Hi uYu Tk¢A
+EEOUEIOUAuly  Aki  ulu hys K o N Atughy
U A U Ku U Ay ku U Ay Hik

WKy udu U hw Ku UKy k¢t
U UH U Uy Ul ku Ul HKeh
U AKuy huyu U Ny AU UYu NHK

however, the exact ratios of the oxidation states of an
element in glass are unknown. Then, it is only pos-
sible to consider the sum of all oxidation states as one
variable. For example, in most cases, the exact ratio of
Fe(l1)/Fe(l1) in glass is not measured, and Fe(l1) plus
Fe (1) must be taken as a single variable (considering
two Fe ions in Fe,O; and one Fe ion in FeO).

If glass component interactions are well known
from the literature, e.g.1OMRTEWEIOERT FTEINOWEOUOO
ORPETUECOOEMT VBl UTOUIEL ETuEOOr UOTEWITEWEQU-
responding interaction variables are established. Ex-
amples of this are the concentration products Na,O.
K,0 and Na,0.B,0;. All possible interaction variables
also may be added, in case some of them turn out to
TEYTEWRTORrEEGIDORUTOE TamSEREEITE TUTOTEROOUDH0
be described later based on correlation analysis and
IEEIOULURTODrEECET oA

If reasonable, further variables could be created,
such as the inverse of concentrations to account for
extreme end term properties, concentration ratios,
TOEOw 21760400 <u DU (OudUu OO ETOT rERENDOU OEQaWEEUT Ui
for common glasses with C(SiO,)=40 to 85 mol% to
consider the mentioned unusual variables because
OOVl O ITTOUEEOUETWUTEUET Eul0Gu 0O TEUDORUTOET Uy
of the glass components or component products
within the concentration ranges studied. Unusual
or complicated variables should be used only if they
UTEUETWTTOUOETUOIYEWREEITUUBTODrEEOUN0DO < UOY Tu
ITTWOOE T ur U0uOU I T TUTEU TIOUTTULTEUOOUIOuT YEOUE(TY
their impacts.

In cases where various data series are combined,
as seen in the example given in Table 1, (Labora-
tories A and B), it is possible that so-called “block
TFTE0U2u OEEUW%OU TREO x0T 0udly O T Tl TEx < T10uTE
experimental results produced in one laboratory
00U D0UEaAEUTu Ual0T OEREEN W EBFTUTON TUOOWITOUTY
produced in another laboratory (or study). This
EOUOEIE EEUUT EiEauEiEDFTUTOUEEREUEIROCuUOETEUUTY
that a newly introduced measurement technique
results in systematically different findings than
previously established techniques. In the begin-
ning of the statistical analysis procedure, it is best
IOuEOUUO TWITEWEOOEOUTFTEINONT TIWE TuxUTUTOUDOuall
cases; even so, it could turn out later that most of

SEEOTuli OE0aURULOTEOEOUT FIENU

210010 “TIOEEN" 000000 - FUILSEWEENTY  /U0xTU0a
Laboratory A 1 P1
Laboratory A 1 P2
Laboratory A 1 P3
Laboratory A 1 P4
Laboratory A 1 P5
Laboratory B 0 P6
Laboratory B 0 P7
Laboratory B 0 P8
Laboratory B 0 P9
0

them do not exist in fact. This means the creation of
“categorical” or “dummy” variables®*" in Equations
otvAUOUupARGu (Ou TOEUUx U0 TU0auOOE T0RO TUEIOEOu T FTENN
should only be introduced into the calculation with
the I0UPEUELUTOIEROO approach (see below in section
“Step 6: Calculation of the model standard error, the
EOTSEDTOUl WOUNESEWNTODIrEEQE T 246 0EOOEQuT FTEIUL
must be excluded from the model initially and only
EOOURETUTERIWUTODIrEECUECEWTEUOOEENTS

Property observed=Equation (7)+opOFUT0k oA

Property observed=Equation (7)
+Property observedxd(trend)

©)

As a result, it would be required to add further
columns to the regression dataset in Table 1, accord-
ing to the number of data series examined. Following
Equation (8), these columns would contain the value
of “1” for each experiment within the series, and the
value of “0” for each experiment of other series (see
Table 2). Following Equation (9), the “1” would be
replaced by the property value itself.

If only two data series are examined and block
TF1E0UOEEUUD0LUI 000 x OURETWICUE TEPE TuP TRETUOOTu
of the data series should be given the block variable
(see example in Ref. 20). Further knowledge may
help one to decide.

Equation (9) should be applied with caution, and
only if measurement trends are reasonable based on
000POTET IO TTWUEIEWOEYTWECEDILUTY TUEGOITTUL
data series without a measurement trend including
a high number of experiments exist. If Equation (9)
is used for most experiments, the result would be a

trend according to Equation (9) can be cgn\,/eit\e\dAto
EOOFUTUEEEOUENO TWOIBSPUEIROOmWAITUOUT TWOTENRIT-
mic normalisation described in the previous section
2201 xulou*"EEUOEIROOUO Tux U0 TUlawr R x OpOINEOEUTUUOUL
normalisation”.

Step 4: Correlation analysis

6 TTOW0RO TUOUID=OTWUTTUTU0OOMRIBUEIPEAUNO X OU-
tant to evaluate possible factor correlations at the
beginning. The linear correlation matrix is made up

Glass Technology: European Journal of Glass Science and Technology Part A Volume 50 Number 1 February 2009 7
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OlulTTuUrOX010u Ol PO PEANEOUUTIEROOUEOT SEDT OV
STTaAEULETOOTEIEATTOTYTURr” and have a range
for two factors (variables) is a measurement of the
linear relationship between the two factors. If r is
close to 1 then a plot of the two factors against one
another would look like a straight line with positive
slope. If rdUEOOUTWIOUNNUITTOW T Tux 00O WU T TWPOUIEE-
tors against one another would look like a straight
line with a negative slope. If r is close to zero then
a plot of the two factors would have no discernible
linear trend.

For selecting the appropriate model variables,
EQUUTOEIROOUETIPTTOUETEOTTULBONITTUEOO* 00100l
concentrations and/or their interactions (concentra-
tion cross products) have to be considered if the data
were not collected using a statistical design that is
“orthogonal” (not correlated) for all of the factors
of interest. If the absolute value of r is larger than
ExxUORDOE(T 0awY¢kulOuyHuUTTOWTTu0ORUTOET WO T Ty
two considered factors are “partially correlated” (i.e.
linked but not completely aliased) and may be dif-
rEU00OWUTEUEITa(WUTTUEEUGOUITLYEOU TuOlur is larger
UTEOuExxUORDPOENT 0w YUl 10w YeNou UTTOu T TupORUTOET U
are correlated so strongly that they are likely not to
be separated in most cases, and one of three actions
should be taken: (1) the factors should be combined,
(2) one factor should be excluded, (3) additional
experimental data should be used to lower the cor-
relation. The value of r can be calculated using

OxyOOxOy/n
Joxoloxtlrngliny? olnyF g

rQ (10)

1/2

where n is the number of experimental datapoints
and x and y the variables that need to be tested for
correlation.

IEOUUTOEIROOBUEOOUDE TUTEWIERUIDEE IR T OB r EEOU
if

to.or O frlin0 2020/ (10 2]

where ty. is the t-distribution value depending on
(TTWEOOrETOETLOTY 10 YuEOEWTTWETTUTTUOIIUTTEOOU
DF with DF=0N2. Squared or cubic component
BORUTOETULEUTuOSTOuUIUOOT02wEOUUTOENT EulCulTTUEOU-
UTUxOOEROTIROTEURORUTOET Ua30u G000 PUTTWAIIT Oy
factor hierarchy (see below in this section), squared
EOEWEUERES(TUOULUTOU0EL OO0au ETuEOOURE TUTEVEST U
EOE0aUBOTuDO x0TULITUOUugtdOTEU T FTEINLEOE ITEEIOUL
interactions), and if the component concentrations
vary widely.

If several data series with various glass composi-
(BOOULOTTELUOVE TuEOEIAUTEWUAUIT OEREVEDFTUTOET U
between the chemical compositions of the series can
ENRETITEITEEAEOE0an0 W T TUEOUUTOEIROOEOT SERTOUUL
ETUPTTOuEOOEOU T TEN YEEEQT Uug3EENTu 1A EOEL TOEUU
components.

SEEOTu+DOTEUEOUUTOEIROOUOEUBRN? — FUTluAHu2uIEQE iU
ITTOFUT0OUWEUO OauYEREEOTuIOUEEIENUIOOW+EEOUEIOUAUN

U 1 "y #i $u - FUTl+
B 1

| U YEYRKE U U

#i UYeIYUW  wYgKALL  whu U

$ NO-991y  uYgYkYs  NyghKku  hu

CFUTO+h NYgAKS  NYEINWG  u YEYKKe YKl ]

The correlation matrix of the compositions given
in Table 1 is displayed in Table 3, where the main
component A (usually silica) is excluded according
to the slack variable approach explained above.

It can be concluded from Table 3 that the compo-
nents B and E are very strongly correlated in such a
way that E usually decreases as B increases. There-
10UT00BUED SEVNIOETEDET®TuxUOX TUIAETEOTTWOEAL
be caused by component B or E, and consequently
either B or E should be excluded from the calculation,
or both may be added to form a new variable. If Band
E have a similar chemical nature, like Na,O and K,O
or MgO and CaO, the terms should be added.

(GuOOUNEEUTUNRBUIU SENTOUIOETOTITWTTUYEREEO T
from the model of the lower hierarchy (see below)
or the variable that is less represented, i.e. the one
UTENOEEUUDO0T U OSTOuEN 0GP TUiEOOETGIUEIRGOUL EOEL
PTWYOLEOOETOIUEIROOWEUEIROCIU3 TTUTTOUTAROWT Ty
example based on Table 1, the component E will be
excluded from further calculations.

Even after excluding the glass component E,
some weaker correlations remain in Table 3, e.g.
r(**N##A&YEKA 1 3TO0LEOEIDOROEU T FTEINEIPEAULOTTEy
to be considered when model results are interpreted,
such as when the components C and D are not
completely statistically independent. Therefore, it is
preferable to interpret model predictions rather than
POEDYPEUEWEOT SERTONUS

For models including high order terms, the factor
hierarchy should be considered. This principle implies
that higher order terms such as B.C.D or B> may only
ETubOIUOEUET Ewiul T TuURTORrEEOE TupUT TUET00PUUTERGOL
“Step 6: Calculation of the model standard error, the
EO1 SERT OUMUUOUUEDEWRT O r EEOET MO IUEN T TWTOEDT Ey
00P TUWOUETUITUOUPEUTYEOUETEuyrUU0up T Mo ¥ 0™ "0u#
B.C, B.D, C.D). Low order terms are always preferred
over corresponding high order terms in cases where
they are partially correlated and significant (see
below). Statistical modelling techniques follow the
principle of simplicity (also called principle of parsimony
or Occam’s razorKuEWEDT OBy EIE x xUOEE TWTEWEEET x (UEU
correct the simplest of several possible interpretations
of a phenomenon.

The system of factor hierarchy is not strictly man-
datory, however, if it does not make sense according

v ITOEVUEOO= 00T Ol TOOPIEOOETOIEROOLYEWEROOBIOOTUITEREIOOUl
always is present at a constant concentration level (its concentration
hardly changes regardless of all other glass components).
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Table 4. Example glass composition—property data for
UUEORUUDEEOEOE(AUBULI0000PAO Tl TTUUOEEONYEBREEOTLUTETOROUTY
ESTUEOUUTOEIROOuEOE AR

**0Ox0UBIROOUHOUTH - Pl /00x100a
LT " #Hi +hu

U fu uYu fu fu HNgK
U U W fu fukgll
U Ky U A Nu fuu hullgk
U Au U Wy ku fu +ygll
U Nu uYu +H fu 1N
ulu huyu Ku Yu Ahghy
U Ku U Au Ku Yu Hik
Uty U hw Ku Yu k¢t
u Wy ulu Ku Yu K
huyu U Ny Au Yu NHK

to previous experience in the field it is possible
in the glasses studied that a component shows a
U00OOTupORUTOE TuO00ausOuEOOEBOEROOu PAITUEOOITTUL
EOO*00100 PAITOUNBORUTOENO Tu 0T TuxUOx TUlau Eau
BOUTOTUNTODrEEOI0AL6OU BEO %0101 ,O4 does not have a
U000 TUl FIENOOWT TuYBUEOURIaBOEOUOUNDEEI TUTOEUUT UibOu
the transition range, however, the B,0;.Na,O interac-
tion greatly increases the viscosity.”

Step 5: Determination of the model coef cients

STUTRECVENOTuUlTTuOEIOUEOO*O0TO  upi0H0PIOTY
the slack variable technique) and the component E
(because of correlation) from Table 1, it is necessary
to analyse the remaining data in Table 4.

The factor matrix X and the property matrix Y may
ENET rOTEWENUTTOwOu3EENTukiu(1iOOWOUTUET (P OUIEY
ETBOEOUETEWT Tur UWREGOUOOup OUOEIEOOUENOLTTUOEN
component A instead.

Given a linear regression model, the col SEpTO
matrix CO can be estimated using the ordinary least
square (OLS) method according to Equation (12).7
The symbol “™ stands for the matrix transpose
operation, ““” indicates matrix inversion, and the
sign “.” means the scalar product. The term (X".X)™
is the DOYTUUTDOIOUOEROOIOEINR. Multiplied by S? (see
Equation (13) below) it is called a YEBEQETHEOYEWREOETY
matrix because it contains variable variances (square
of standard deviations) of all the model variables as
its diagonal elements (printed bold in Table 6), and

Table 5. Example factor and property matrices

Factor matrix X Property matrix Y

(OUTUETx{u 1y "y #i - FUTO+w

fuu U hu uYu fuu fuu HNEK
fu i i W fu fukgll
fuu UKy U A Nu fuu hullgk
fu U Au U Wy ku fu Hyell
fuu U N uYu + fuu 1N
fu ulu fuYu Ku Yu Ahghy
fuu U Ky U A Ku Yu Higk
fu udu U b Ku Yu kgt
fuu U Uy Ul Ku Yu HKeh
fu fuYu U Nu Au Yu NHK

SEENTHUSREOX01OY1U0T0OTOUOEROOLOEIURIX ™. X) ™

u (OUIUETx0y 1y "y #i - FUTl+
Intercept 1.05733  NygyHHUKS NygyHyUs NygyRRKH NYHHHHK
n NysyHHUKS 10-01358  VeYYIIKe NYRYYRKIU o YEYRNEY
"y NySyHVUR 1 YEYYTIKS 1001125  NYsYYNKAY U ey TUN
#i NYEYKKKE  NYgYYRKIy NYSYYNKAS 10-02881  Nygy+IH+H
PO e NYSHIHKD o YEYRNEYD u YR TUNNe NYgy+HIH 1 0-48966

covariances in all other matrix positions.
CO=(X".X)"L.X".Y (12)

From the factor matrix X in Table 6, the inverse
information matrix (X".X)"™ should be determined
r U006 SEEOTuu TOY TULIT TudOY TUUTudOTOUOEROOu OEIUDRL
that is obtained in this case.

3TIEOTSEN Ol OEIBRICO, determined from X
and Y can be seen in Table 6. Hence the preliminary
model would be

ZU0xTUIAAWNEKAKHOYHHYNE T HREANNA" “NKENNUh##
I NHrugkkhKu - FOT0IOUEEIEITUO Ou+EEOUEIOUZUN

Step 6: Calculation of the model standard
error, the coef cient errors and signi cance

The model standard error S can be derived from the
model residualsi TuEOEu(TTudegrees of freedom DF. The
model residuals are the differences between the
experimentally observed and the calculated property
values. Given the example in Table 1 and the model
in Table 7, Table 8 displays the residuals. (This and
TTui0000 PO TWEENT UWEGGIEDOUOOUTWINT ORI EEOUur TUUT U
than necessary to supply an example that can be
worked through and checked to see if exactly the
same answers are obtained.)
STHETTUITUOLIUTTEO Ol TTESFTUTOELETIPTT O
the number of independent experimental datapoints
and the number of variables including the intercept.
For the example in Table 1 the number of experi-
mental datapoints is 10, and the number of variables
including the intercept is 5, i.e. DF=5. The model
standard error S (also called “root mean square error’)
can now be calculated using Equation (13)

Sa¢ pl%)/DF]¥? (13)

The model standard error S should be larger than
the standard deviation of repeated measurements;
OUTTUPBUTITTHOOE 1080s20Y TUnr YT E2upEOuUOUTERUR-
EEQauTOOEur(UOEIERO T EAl(OEEEROOLS should not
standard deviation of repeated experiments from
UTYTUEROY TURTEIOUUPUOETUir Y0240 OwerlTUMEEDL
SEENUARSREOXIIOOETNEOT SEDTONU

(BUTUET x(u o WhgkAKH
el uuYHYNE
Ol U0 FUgANNA
dol o NKENNUR
- FOT O+ NHrugkkhK
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Table 8. Example model residuals

Property

OEUIUYIEs  EEGEUOE0IEs  UilpEUal
K Kk¢HKRe o IKgyHKK
kgl heHH U NyRkHH
hlighu WNUER  u NYERUET
Hygl KigkNAK: — NYgANAK
1kiAu HAdlivkky  Nivlghuivkk
Augh WyghNWRe  u NNgYNUT
Higku AYVIKIYH o NANIYH
kb HlHNE NN
HKghu HIgHYk v hgKENK
NAKu Hrlky — u DAGKRUE

be performed for quantitative evaluation of over/un-
ETUiryn0Ts

The model standard error S derived from the
UTUPEUENUOBEENTUWLECEPI I Tur YIETTUTTUOLUTTEOOU
BUuhNgKK K > xUORDPOE(T 02w+l Ciu O1u EOQUTUDE UEOU TEOG
within the limits of £S. The standardised residual is the
quotient of the residual and the model standard error
ol T TurU00WOUEGEEUERUT EuUTUDE UENONSEETulluUshug 1A
(TTWUTEOOE®UuygY INMUTLE...).

The standard errors of the coefficients S, are
determined using

S¢:Sij1/2:¢/t¢ (14)

where C; are the diagonal elements (marked in bold)
of the inverse information matrix (X".X)™ in Table 6.
The elements C; are given in Table 9. The t-value is the
VEGOO I TTEOT SENTOUEOERINUIEOEEUE T UUOUREUWUTT Ou
p0S@UEROOWKASEEITIYIIUO OERUTUENEOT SENTOUL
including their errors and t-values.

The absolute value of the t-value (also called the
t-statistic or t-ratiokbUEIOTEUOUTIONEEOT SETOUETIOTU
T@UEIOATU0M(UDUEOBOEDEEIOUOTT T TODIr EEOETIOTEY
model factor (variable, component concentration or
concentration product (interaction factor)) in slack
variable models. In other words, it is a measure of
how much information a factor adds to the model. In
general, a t-value with an absolute value greater than
OUuTBUENIOWIPOwUEOOUBE TUTEWOUE TulITORrEEQIN PRI TY
EuU0EORUBEEQEOO rETOETU0TYT0OILEX xUORMOEIT fauNk T
03 TUECOrETOETOTYT0ENt=2 will change slightly with
the degree of freedom, but it is at least 90% for DF>4.)

» Ol OpOOUEOO 00T OUUEUTuDOUH T OB EEOUNDET 01 [T 10U
BORUTOETupUx 010U UTEOL UTTuUIEOEEUEL TUUOUg?O0BUT 24
If the t-value of a glass component indicates that its
UTER00LORUTOETUOOWT TuxUOX TUIAETROTUOOE 1001 Ewdlu
pOUITODIrEEOUPDITHOWT TWIUEDT EUEOO x OUBIBOOWEOT 16

It must be noted that t-values may also be calcu-
lated and used for models that do not include an
BOUTUET >0l G000 PO T TEEOOODEEE X x UOEE TIEARET T Fou
Table 9. Example C;uYEOUTUuiUOOU3EE Tk

(OUTUET=0r  hgykAH
et Yéyhtkll
el Yeyhivlk
ol Yy Nty
CFUTOH YEKUNEE

z A AP AwS £ A~ NA

SEENTYBISREOX0IIOOETAEOT SERTOUINEOT SERT OUUUIEOEEUEY

T00O00NEGEWTYEIUTU

SEQREEOl  ""0ISEION 2, t
(OUTUET <0 uWhgkAKE  hNENNKNG — u KgYANW
s PUYHYNE o BEHERNE o e HA
dc UUREANNAL  u gyRIW  u YRUALK
oo UNKENNUWR o4y Niggkiuk
CFON0Hw NERgRKRKS  heyAYE NIgHll

as seen in Equation (5). The t-values are a measure of
EIEOT SEN OUION BUENATUOROIOOE T00uPI TEOEPHITOU
intercept. However, it is demonstrated in a paper
by Piepel® that it is not a meaningful hypothesis
IOuEODUOTWITENELEOT SEPT Ol T@UENATU0uDON OOET I
without intercept. An alternative component slope
mixture model is presented in Ref. 80. For practical
application it is advised in this work to always use
trYEOU T0dOUT YEOUERO T T TuxUOEEENRIaui OUEEOT SEDT Ol
to equal zero for all model forms, with appropriate
interpretation of the meaning of the t-values in mod-
els PATOUU intercept.
OOITTUPEAOTNO00O TENEENT SENTOWURTODrEEOETY

is possible through consideration of p-values. A p-
YEOUTWUTRTEN T T xUOEEERRIawOTuEVEOT SERTOIETIOTU
equal to zero, derived from the t-value and the degree
of freedom, and is generally based on normal error
distribution. The prYEOUTWUTOUELE Tu0OP TUITEOuYsY K
IOUEINKTHEOO rETOETOT Y108

A trYEOUTWUTRTEOUT Tul TORrEEOETUOUELEOT SERT O
within the model, but a special application might
require a more strict limitation of the composition
area than the model is valid for. The narrower the
concentration range of a given component, the
OO0UTUEOEL OOUTUEIEOT SENTOWETEOD 1 Uu x UEEIREE AL
pOUNTORrEEQU

Itis obvious in Table 10 that the errors of the coef-
rEp1 00U 19,19 are larger than their absolute values
or of comparable size, and that the absolute values
of their t-values are smaller than two. It is not pos-
sible with reasonable certainty to conclude whether
(TTUTOEUWEOO > OOTOUUN Y (u* *WECEATEY TuEWURT Opr EEGUL
BORUTOETu P00 UTTu IREOIOTELEOO xOUBIROOUUEOT Thu
Consequently, the glass components B, C, and D may
be excluded from further calculations (Table 11). This
exclusion must be performed stepwise because based
OOEGUUTOEROOURIUT@UTOWAUTEX x TOUITEWES T Ul REU-
3EEOTututviy SREOx0Tu IEEIOUs OEUBRWESTUu TREOUUIOOWOlu I TTu
EOOX001000 ¥ 0u™ *0uEOE A

(OOTUET 0y - PO+

[eNeoleoNeNael N

1
1
1
1
1
1
1
1
1
1
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SEEOTuh 15 SREO01upOY U0 TubOIOUOEIROON OEIBRIEXT-X) 0y
ESTUI REOUUROOLOITTLEOOXOOTOUL ¥ (u* *WEDE LA

I (OUTUETx{u - FUllu+Hy
Intercept 0-2 el
SPUTO+h gl 10-4

UpOOWOTLOOT1BOUITORr EECUYEUEEITUECOIT TUixUTYDOU U0
pOUITORrEECUOOEETEOOTULITODrEEOU O T TUl REO %01y
described here this is not the case.

The exclusion of components B, C, and D in the
as initially all possible variables were included in
ITTWOOETOUEOEWTTOURTORIrEEOIOOT Ui TUTuI REOUE T Ey
stepwise. The opposite approach would be UlIxpaUl
I0UPEUELUTOTEROCORaT 8T TuOOUIUNT ORI EEOUN YEUBEEOTuBUu
DOEOUETE rU00us0ulTTu OOET 10000 TELEAWITTuOTRM
UBTORrEECNOOTAUOINOOUT DUITTUUIT O r EECUYEUREENT Uy
can be found. During stepwise backward elimination
and forward selection the factor hierarchy described
above in the section “Step 4: Correlation analysis”
should be taken into account.

For analysing large glass databases it is recom-
mended to proceed stepwise as follows: (1) selection
OluE0u UpTODrEEON IO TOTu TOEUULEOOxOOTOIITUOUT Ty
backward elimination; (2) selection of the most sig-
ODrEEQUEQEWENT O EWTEUOOEENTIPOIEOO %00 100R0-
(TUEEIOOU EEIOUUmEOUOOIEOOO EODR TEIEOOER FTE(A
through forward selection; (3) analysis of systematic
OFUT0020uP TOOTEEIEWT BT U UIOOWT 0T EITELEEOUEIOUDT U
and if necessary exclusion of those series that are
incomparable with the majority of all other series;®?
(4) stepwise deletion of outliers and simultaneous
selection/elimination of variables according to their
UpTORIrEEOETuECELUERTOUDYrEu UTEUOC UGN OO TUUIT T U
outlier can be found.

» OET0UsUTEDOEOUE TudOUBTORIrEEOU YEUEENT U EUTY
termed OY1UirY1EWECEIOSTOUEUTYUOUTERUIDEEEW D 100u
rylEs

Next, it is necessary to repeat the procedure,
beginning with Step 5 (determination of the model
EOTSEpT 000K 3TTu0paTu O ITTudOYTUUTuDOTOUOERGO
matrix decreases to 2x2 (Table 12).

SEEMuhhUTOPUITTuOTPUEOT SENTOIUWEOT SENT O
standard errors, and t-values. The new model stand-
ard error SHUWHUNHIPD TRETRUROUTTORrEECIIa00 B T UL
ITEGUT TuxUTYDOUUYEOU TWO INgKK KHISEEOTIKUTBY TUL T Ty
new model residuals.

Step 7: Outlier analysis, data leverage

From the residuals in Table 14, it can be concluded
that some of them seem to stand out from others. It
is possible that experimental or data entry problems
caused a datapoint to show an anomalous response
or that the composition is outside the range where
ITTu0OTEU ExxUORIOEIOON OTuEOO xOOTOU TFTEIUuDU
YEREUSTTWEYTUEEOIE LETTEOT Eul EURaUF AlEOOXEWRO T

SEENHIBREOXOTUOOETOENT SENTOIUNENT SEDTOUUIEOEEUEL
T00000EOEWITYEOUTUWESTUNTREOVUBOOLOWITTUEOOXOOTOUu 1 0y
UEQE

SEUREEDT “OISEIOn 2, t
(OOTUET x0u o HUAY YU o UKWty o UgRKRuty
CPUTO+h N YYU Rl 1Y 1 Nghuivk

the compositions of the outliers to other glasses in
two dimensions (see Figure 3), or through leverage
analysis, described below in this section.
Regression analysis assumes that the residuals
are normally distributed. Thus, a datapoint may be
regarded as an outlier:®
(1) ifthe absolute of the residual is larger than about
three times the model standard error (=absolute
of standardised residual larger than about
three),

ol A BTy T TWOEUTTUOUTUDEUEGuDUL TOT T 10 (TEOW EEOU N hugku
times the next largest residual, or

(3) ifthe externally studentised* residual is higher than
about three.

It is always possible to refer to the p-statistic (see
above in the previous section, Step 6) to determine
TREE(:EUBIDEEOL OUUGRT UutdOp0UL UUBO TuUTTWETURUTELEOO Y-
ETOETWOTY T0UUETUEUNNEACId = O TYTU0udOuOOULEEUT UL
ITTUEXxUOROENTWORIUUIEIT EdT TULEUTWU SERT OB

Understanding of the outlier conditions (1) and
(2) can be derived from the explanations above. To
clarify the meaning of the outlier condition (3), more
details must be given about data leverage in statistical
analysis.

The T1YEWUT measures how much “leverage” a par-
ticular row of data could have on the resulting overall
correlations. It is also known as the Hat diagonal
value, or diagonal value h; of the Hat-matrix H. It is
a measure of how good the experimental design is
for all the variables in the model. In Figure 3 is a two-
dimensional example of a point with a high h-value.
One glass composition with high h-value stands out
from all other compositions. The Hat-matrix H and
SEEOTuKSREOX0TUOOETOUTURE UENUNESTUT REOUUBOOWOIIT Ty

EOOXOOT00 1 0" *EOE LA

Property

OEUTOYIEY EEOEUORDIEY UTUBEUED
e Higyhyy U HAHKYY
okl gy Yy N 1YY
hullhe Higyhyy Ry
gl gy Yy U N LYY
Tkéhu Higyhyy U NEEHYY
Alughw HULLY Y v IEHIYY
Hiku HUALY Y U NIy
K¢t HUALY Y Nrukgkllyy
e HUALY Y U NKEALYY
N HUALY Y U IKEKIYY

3 TTuIRxUT00OORUIIUET OlUTERBUOORENAaxOTUEX ToEN VOULEIIUETOlUTER
DUEDFTUTOlIUOOWPUIEOEEUENTERITTUTUOWILOMO00UOLITTL$OTRUTY
UEGRUCREDEOLE B00BEOu21E0T u&OUUTlighUAHNFALD TOuUERUTTEWOETUT Ty
pseudonym "Student."”
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Table 15. Example Hat-matrix HOUETWYTEMUOOUIEE Tty

U fuu lu + Ku Ku +H Au 1] Nu hy
1 02 Wil Yl WEl Yel Yoo Yoo Yoo oYiooouy
lu Yélu 02 Yelu  Yelu  YEl Yo Yu Yu Yu vy
+H Yelu  Yelu 02 Yelu  YElu YU Yu Yu Yu vy
Ku Yelu  Yelu  Yelu 02 YEl i Yu Yu Yu vy
ku yilu  Yélu Yelu Yk 02 O 0 0 0 0
6 0 0 0 0 0 02 Yelu Wil Yelu o uyl
Au Yu Yu Yu Yu Yu Yelu 02 Yelu  Yelu  wgl
Wy Yu Yu Yu Yu Yu Yélu o Yelu 02 YElu o el
Nu Yu Yu Yu Yu Yu Yelu  Yélu  Yglu 02 Yl
10 Yu Yu Yu Yu Yu Yélu o Vel Yelu o el w02
the h-value hyEULETrOTEIEA

H=X.(X".X)X"

hi=x . (X" X)X (15)

Table 15 shows the example Hat-matrix determined
from the factor matrix in Table 11. The h-values h; de-
rived from the factor matrix in Table 11, are marked in
bold and underlined. In the example described here,
all experiments have the same leverage by chance.
Please note that the sum of all h-values is exactly two,
the number of variables in the model, including the
intercept. The rule-of-thumb is that a glass composi-
tion has a high amount of leverage when the h-value
is higher than two times the quotient of the number
of variables including the intercept, over the number

SEENTuHUSREOX0TUOOETNUUERUIREINOOETIUOOUIEE Tt

of experimental datapoints.®® In the example above,
itwould mean that experiments have a large leverage
if hbUUTOT T TO0TEOUIANvhuY 0BT duygKG

Itis not recommended that a glass composition be
deleted solely on the basis of its h-value.

6 TROLUTTOYTUETTOREMOEIUEOO XOUBIBOOOOWT TLOY TUENL
correlationspU@UEQID Y 1 EiEaublUih-value, the 0TYTUETTOiu
one experiment on the model resultupdd 130T TEO T SENT OUUA
is measured with the "*000iYE0UTOET rO1EBOSBUEROO
(16).24% The Cook value compares the model result
Generally, an experiment with a Cook value larger
than one has a high leverage. One should make sure
that an experiment with a high Cook value is ac-
curate, e.g. a NIST (National Institute for Standards
and Technology) or DGG (German Society of Glass
Technology) glass property standard; otherwise,
(TP TOMOOETLOITTIWIUFTWiUOOWOO TURO TOTUTET Ty
leverage datapoint

02h;
pS2010h; [
where p is the number of model variables including
the intercept (=2 in Table 13). Table 16 lists the Cook
values of all experiments from the model in Tables 11
0OuK3TTur WU R TWOTOWTEWEIOUETUTHT I TU* " 000
YEOUTup® *OOOAYH 1HAK (TEO ENu OUTTUUL EUl P TRETud

Cook; O (16)

/00x100as o 1i0pEUEN Tu 000w /0100 2 ES

OEUIOYIES EEEOCEUIES WU YEOUTu YEOUTu UIGBEUED I UIGBEUED
K HIEY Yy 1 HAHKY Y1 Yélu YA I KHEAKYL KL 1 HKKN
hukglll HIEYHYYu Nkl HyYe Yélu Yehhll4u NIYEHIKYY RUAK Ty NYANNK
hulighy HgyHyYL Nk Yo Yilu YeYUhyu NrAUTKYu RNEYNK NYFAUUN
+yelu HIEYHYYu u g 1HYYe Yélu YeYYYAu 1 xhgkAKYU hNGUlhs A NY#YARhy
TkéAu HIEY Yy I Ni¢+iyw Yélu Yeyhlihu o NAENKY Y1 RNH N Ny
Ahugh Ay Yy o BTy Yélu eyl U1 IEARKYL RNAUlYH o Yehlkd
Higku Hugwwyyw I Ni¢+wyyw Yélu Yeyhlily 1 NAENAKY1 RUNHHUNL NYEHLU
k¢t Uy Yy Nivkgkily e Yélu VI NRUNEKAKYU UG Ty NYINIKK
g Hgwwyyw o NKEAUY Yu Yélu Yeyhylu 1 xKgNAKYU RNgAH AL NYEIAYW
NgKu Uy Yy o IKgKIYYu Yélu YEHNYU 1 HYHKYYL hASINRUN 1 hugkWKK
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UOEOTULTEGOO 1056160000 G0N OB r EEOUB(ILIT Ty U0y
experiment were removed from the discussed model
TREOX0T00TTEOT SEN Ol OUIEETEOT Tl TTUOOUU

The Press residual is the quotient of the residual
OY1lughiNh), as given in Table 16. Press is the residual
that would occur for a given experiment if that experi-
ment were not included in the regression analysis
calculation, but rather if it were predicted by a model
including all other experiments. Hence, an experi-
ment with high leverage on the model (Cook value)
would have a high Press residual as well.

The h-value also makes it possible to determine
the model standard error if one experiment were
excluded (S;) using
S={[(DF+1)S*N. ruNh;)]/DF}2 17

W(OBEENThAOBIETEOO TUEOTEUITENDIWIT Tur UU0I R TUp-
ment were excluded from the model, then the model
standard error would decrease much more than for
E00OUTTULT R TUROTOUGu(OWT Tuyr OEWUIT>uOTul T TuOUUDT Uy
analysis, the externally studentised residual (ES re-
sidual) may be derived from S; using

$200THEUENS, /[SouNh;)*2] (18)

The ES residual is a more sensitive outlier indicator
ITEGWTTWUTUREUEN, 1EOOOTUETEEUUTWTTUEEIRIOTYTUET Ty
is considered. The analysis of the ES residuals makes
consideration of the generally employed studentised
residuals, which do not take into account S; from Equa-
tion (17) and which do not have a true t-distribution,
obsolete. Table 16 displays all ES residuals from the
model example above.

From the statistical indicators in Table 16, it can
ENEOOEUETELTENWT Tur D00l Bx TWROT0UB U UOEEEIaE Oy
outlier. It should be evaluated in detail by an expertin
the subject and excluded from the source database if
deemed reasonable; the modelling procedure should
then be started all over again, beginning with Step
4 (correlation analysis). Table 17 shows the new
EQUUTOEIROON OENURRNSEENuUUTOP Ul T Tur OELOOE T
and Table 19 shows further statistical indicators. No
1000TTU 000D Uk EECUETu ETOTETED (OuTTu rOEW OOE T
the last experiment has a relatively high leverage
0" *OO0AYEN 144w B TBE 10U V000w 00 BT Uy (TEQUOO T0uD51 100
BUuUBOECOURE TUTEWIOWTEY TuECubOUITODrEEOIOTYTUET T
on the model. However, during model validation
it should be evaluated if the experimental result is
reliable.

In the given example it turns out that there exists a
tory 1 and Laboratory 2. The calibration procedure
for the new measurement method attempted in
Laboratory 1, stated above in connection with Table
1, must be re-evaluated.

Systematic errors in whole measurement series
ITEQWOTEEWOEOIOFUTIEUTUOO0 P OuOul T Ty TOEUULUEDT OE Ty
literature. %)

Step 8: Goodness-of- t evaluation, validation,

model improvement

STITOOEOTUUOTuEs OOET0 rluglTTu OTEVUITU Ol TOPU

well the glass properties can be described with the

given glass compositions) is generally expressed in

1AYEQUTULET rOTEIEA

1240, o 2 G- EGIOYEROON YIUETTOEUIUYEROOR])
(19)

12, adjusted=1,2ANNgph112)(n-1)]/DF (20)

12, predicted=
1:28hNkn/UT0CKy @p - EUTUYEROON  YTUET IOEUTUYEROORT}
(21)
12, also known as EOTSERIOUONETITUOIOEROD, is a gen-
TUEOTOOEOT 00Oy (upOEDEEIOUL 10U OOET0UsBOEIUENOTu
an intercept (slack variable) that shows the fraction
of the total variance in the dependent variable (glass
property) that is explained by the model. If 1%is close
to one, it either means that the model is good or that
BUECUIBE T TWUTO00OIOY TUur YrO Tubi DOl T 0D EEOU
and correlated variables.

17 can be calculated and interpreted for the models
described in this work with and without an intercept
(Equation (5)).®” However, the reader should be
aware of the fact that in some model forms with
a forced intercept 12000l ETrOTEN®®) and some
software packages calculate 12 incorrectly or do
not permit its calculation at all. For glass property
modelling described in this study 12 should only be
determined using Equation (19).

1,2 originally established for models without an
intercept (Ref. 6, p 532), is adjusted for the degrees of
freedom in multiple regression. If 1 ,2008TODrEEO0AU
lower than 12, it can be concluded that the model is
OYTUur YTEASTTUTIOUTWL o200 STOEETY TUTOOEOT U
OlrrinOEEEIOUITEDIL? for multiple regression.

1:%, also called 1%gess, is calculated in the same
way as 12 but using the Press residuals instead of
the residuals. 1,° shows the expected fraction of the
variance in the dependent variable (glass property)
that can be explained by the model for predicting
1% and 1,% it means that some experiments have a
high leverage.

The model discussed above has relatively high 1°
values, withu 12AYNFAU 1 2AYINKIUKWEOE 1 ,2AYAUAKHu
BT TTUOOET0ur lEx x TEUUOE TITOOENL 2 is somewnhat
lower than 12and 1,2 because of the last high leverage
datapoint. The last datapoint may be re-evaluated.

In glass property modelling using statistical analy-
sis the values of the 1%bOEDEEIOUUEUTUOSTONTHTTTUL
UTEOu ygNi@e-216061648% agnecially for properties that
are relatively easy to measure such as the viscosity.
%00 xUOx TU0RT U UTEW EV T EDSEU0W 10u OEIEDONW 1616 TEU
solubilities in glass melts, 1 tends to be lower.? In
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Figure 4. Normal residual distribution
general, LAYEQUTUMDT TTUITEOW O EAE TIEOOWETUTEL
as good.
ITOOEUOOET0ur EOUOEIE TUEWNTOuO WU T UOEUERE( Y
experiments; further hidden variables are unlikely
to be discovered (correlations not considered). It is
not clear yet, however, which one of the strongly
correlated glass components B and E is causing the
observed property changes. Add on experiments
should be performed for decorrelating the glass
components B and E. Table 17 also shows that some
weaker correlations still remain, which always needs
to be considered during interpretation of the model
results. Some variables are not completely statistically
independent. Therefore, it should be preferred to
interpret model predictions rather than individual
EO1 SEpIOIUS

For model evaluation, the residuals should be
x00YTEETEOUIIT T R TRO TOUEWAOEUTUY TEmUOX TUlaw
values and against the calculated property values.
Ideally, the result would be as shown in Figure 4,
i.e. the residuals are normally distributed. However,
if a residual variance trend occurs as displayed in
Figure 2, logarithmic data transformation for error
normalisation may be evaluated. If a plot is obtained
as in Figure 5, the model may still not include an
important variable.

STTWITREUENEOWTOUIEIE Tux00Y TEUETEDOUTEETY
YEUEEOT uxEYTUOUENUTTOWOuWe T UU T OEREEDT Ul TEN
a squared term for the considered variable (glass
component 1) should be introduced.

(00T x PRUTLUTUDE UEIUTOEUOEE UL PEOOEOuT FTENU=y
OEAETuxUTUTOW20O TEEIELUTUT Ui OEALETUEDFTUTO
SEEOTuvAT— TPuROTEUEOUUTOEIDOOUOEIURR
I 1 "y #i $u - FUTl+y
B 1
" YN U U U
#Hi FyghkNe  YEINWL fu 1 U
E -0:990 Yed T Yelhyu fu U
CPUTO+h YEYYYL L AVCINIIS TR 3 (1T vk b

ITEGWOUTT0UWERFTUTOlix U0 1002wy E0UTUAO T Tul UUOUUL
PITIOYEROUUEEIEUTUT WO EAE TUEDFTUTOl

For statistical OOEI0uYEREE(ROO, the differences
between precision (repeatability), reproducibility, and
accuracy must be taken into account. The precision
UTRTENU UTTuEOOURUUT O 2w EOEuUT < TEIEERRI&W PITB0UEy
data series of one experienced investigator, generally
using one measurement technique. The reproduc-
ibility is a measure of how well other experienced
investigators in other laboratories can reproduce
the experiment. The accuracy shows the similarity
to the “true” or “mean” value in case the absolute
NI wDUwOOOIDOow(UwDUwOS TOEVIOOTEWNTEWI R TBROTON
reproduced by several experienced and independent
investigators are very close to being accurate, e.g.
NIST or DGG glass property standards.

Consequently, for models based on one single
investigator, a reproducibility and accuracy can not
be established; only the precision may be evaluated.
However, in high quality publications that contain
experimental data the author is always using external
values for calibration and/or comparison. Therefore,
even for some models based on one single study
repeatability and accuracy can be established. For
models based on several investigators, the reproduc-
ibility may be determined, which can be assumed to
come close to accuracy if many investigators agree.
20E0RUIREEWOOET0YEREEROD can be obtained by:
otvAu 2xBUBO TIOTITTWOUUE LEEIEROIOOOTWTLIOWOOET(-
ling and a second set for comparing of predicted
and experimental data;
Comparing the model predictions to experimen-
tal data from another investigator;
Comparative modelling of two data series from
EDFTUTOUBOYTUTEIOUI BPTTUTEOT SEPTOIULEQE
residual trends are compared with and without
the second series;
Comparative modelling of several data series
from various investigators including careful

O]
©)

(4)
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9 TUUTuKGL TUREUEAIUTOE
EOE0aUpUL OTuEOUUTOEROOUNWOY TUYUOETUr a0 T Ual-
tematic trends, and data leverage;

(5) Developing two independent models based on
EEIELUT DT 0dUOOEDFTUTOUROY TURTEIOUUBOWDORIEUY
composition regions and comparing the model
EO1 SERT OUUEOOUDETUDO TUEOUUTOEIROOULEDE

(6) Developing two independent models, including
all possible component interactions based on data
UTURTUu TUOOu EBFTUTOUBOY TUIBTEIOUUWOL EBFTUTO
composition regions (compositions in mol%) and
EOOXERUOOOIITTIOOETHEOT SENTOIUEOORET RO
correlations.

If the standard errors are comparable to the errors
found during model evaluation and correlations/
trends are considered, it can be assumed that the
model is accurate, i.e. it is “validated.” Method (1)
can be used for an internal validation of the model
precision, and methods (2) to (6) allow conclusions
to be drawn concerning total accuracy by comparing
the results with other investigators.

In addition to standard error comparison, it is

also possible to determine 17, validation=u1,2 1.7 is
calculated in the same way as 1%in Equation (19), but
instead of the model residuals, the residuals from the
validation test are used. For example, a model may
be established based on 80% of all data, and then
predictions are made for the remaining 20%, and only
the residuals of the 20% of the data are considered
for the 1.2 calculation.

An 13xT1BOT0EWOOETWYEREERAD is superior to the
statistical validation explained above. In addition, it
BUOS T O OUIBETuPDITul B> T TOIEROOE TOIVEREEROOU
to improve the model considerably, resulting in a
prediction error reduction up to 20 to 50% according
to the experience of the author. Experimental valida-
tion and model improvement should be approached
as follows:
oAl %6UUIT TIUTEVOOEERRIAOTEEIEUTIZUX TEDIrBEENTTOU-

DEEQOTFUTIWYEWEENT IO UUME TuT REOHOT Edu(luTEUIOL
O TUUOOUEDFTUTOUOEEOUEIOURT WEUTLEOO XEUEE( T iy
3TTuOOUEOOIVEEDEIOUAW r OEBOTULTUOOLEDFTUTO
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the limits are notuE TEUEE(TUBUTELEaUEWUTECEOTOT0OUITEELOTITTul 000xUTWUTOP ORI TIEGUOTULOWEWTEIEOTOTLPOUOELE Tuoutside

laboratories should be reproduced.

olAu 3TTUTOECUT U POUTuUTTU TUTEITUIDORUTOETUOOUIT Ty
overall understanding (high Cook values) need
to be re-analysed and/or remelted and excluded
from the model if crystallisation or phase separa-
tion occurs, if undissolved batch material remains
in the glass, if the bubble content is very high, if
extremely strong striations are visible, or if other
similar irregularities can be observed.

3TTuOOET0UTUUMgTOENIEOO xOOTOlBORUTOET U
on the property) should evaluated from a glass
science standpoint. It must be estimated whether

oA

sense. Surprising or unusual glass component
BORUTOETUuOTTEY (O ETuIUEET Eu EEEOU 00 UTTubOED-
YOEUEOTOEOUTULTENEUTUT TuOOUNIBTODr EECUEEUUT U
OluTTUTLDORUTOET U ECELITOUTu TOEDUT U TEY Tu (0w
be remelted and measured. For example, if all
TOEUWEOO*O0TOUUBORUTOE T TuxUOX T2l OUUxu
the 10 property units per mol%, and one minor
EOOx00T00ExxTEUL0uORUTOETu (T TuxUOx TU0aw
for 5000 property units per mol%, then it is pos-
CREOTWUTEMITOUux TTOOOT1000WUUEIT TUWEISEUNuIO
EOOxO0TOUPAITITTUI RETx(BOOEMORUTOETWTOUIEY
be analysed experimentally.
Finally, add-on experiments can be performed to
reduce mutual correlations of glass components,
and to expand the model into new composition
areas.
In general, a good multiple regression model has
the following properties:®®
00 TEEDOUUKROUIT TuOOETOEUTuUITODI EEOUugEEUGOUITY
value of t-values>2), and all excluded factors are
pOUBTORrEEQUgEEUO0UUTY YEOUTu Olu trYEOUTU 1 A0uDG T du

(4)

ITTUTEUTLOOWOY TUUOET Uy YO TOEEUUUS

Accurate predictions can be made using the model.
The standard error of the model SiUuOOUUITODY -
cantly (no more than about 1.7 times) larger than
the standard deviation of repeated experiments
from several investigators.

The standard error of the model S is higher than
the standard deviation of repeated experiments
from several investigators, i.e. the model is not
OYUrryIEdq

3TIEOT SENOUUEUTUUTEUOOEENTWEEEOUEDO TUlOWIT T
judgment of experts familiar with the modelled
property.

Follow-up experiments within the model applica-
tion limits agree with the model predictions.

Step 9: Model application

For all glass property models published in the litera-
I0UTOTTEOO > OUBIBOOEMEUTEBUET r OTEUOUP TOETWT Ty
model is valid. Those composition limits are stated as
minima and maxima of all glass components consid-
it may happen when two or more concentrations are
set to extrema that those extreme combinations were
not investigated in fact, even though the extreme
UbOTOTEOO*O0TOlBORUTOET Uy PTUTH " OOUT@UTOl0&L
models may result in inaccurate predictions for

(000 ST 00O xOURENTIONT UDOENTU T TWIEOEEUEETYDEROOWOIUT < TEITEL
experiments from several investigators because of the lack of data for
multicomponent glasses. Therefore, it is advised to collect all published
values available from binary glass systems.s 1x0a00OpENur Oy
UTEOOELOUITOUELE TTUTTIOS T OUE TUEWETUITOUTUEEIEND 1003 T TWUEOEEUELTUUOU
obtained from binary systems may be assumed to be similar to the error
concerning multicomponent glasses.
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certain component combinations if the combination
oe616OUTUEEIROOKIBONIUEUTIOOP TOLET rOTES

The component combination limits for glass property
models state the maxima and minima of all compo-
nent combinations that are covered by the model. The
EOOx0010WEOOENOEROOUNONIUOTTEWOUE TuUx TEDY TEL
in addition to the concentration limits of all glass
components.

Given the uncorrelated components 1 and 2 with
normally distributed concentration values, the binary
component combination limits may be expressed as
UTTOnO TUUTIAEEOEIET rOTEWUUROT
A,=5,15, [ (tyszees1) NiciNay ) 1%+, (22)

+58NS, /5, [tys:)?Noc:Nay )]+, (23)

where 4,, +,are the upper and lower concentration

limits of component 2, s;, s, are the standard de-

viations of all concentration values of components

1 and 2, a,, a, are the average concentrations of the

components 1 and 2 and c; is the concentration of

component 1. Ternary component combination limits
can be similarly derived from a spherical function like
f(x,y)=(radius®\Nx*Ny?)2,

Ifthecomponents1and2in Equations(22)and (23)are
linearly correlated the constant term a, in the Equations
(22)and (23) would needtobereplacedbyalinearfunction
c,=slopec;+intercept.

Equations (22) and (23) can be applied in many
cases for glass property modelling if the compo-
nent 1 is silica (SiO,), i.e. most binary component
combination limits [(SiO,)-(other component)]
EEOUETU@UEORr 1ELITUOUT Tu$@UEROOUupN 1A ECEug 1K
However, it is not possible to use Equations (22) and
(23) for component combination limits of most of the
remaining glass components besides SiO, because of
a non-normal distribution of the data. For practical
Exx(REEROCNRIBUETOT rEPEQIOLET rOTWITTIEOO 00T O
combination limits as follows:

(1) Maxima and minima of component concentra-
tion products (minima mostly zero)=interaction
variables in Equation (7),

(2) Maxima and minima of component concentra-
tion sums (e.g. for excluding binary glasses like
SiO,—CaO or ternary glasses like SiO,—B,05—Al,04
from model predictions that are not part of the
source data),

(3) Maxima of the terms (SiO,+Na,0).SiO,,
(Si0,+K;0).Si0,, (SiO,+Pb0).Si0O,, and similar
terms for excluding predictions in the binary
systems SiO,—Na,O, SiO,—K,0, SiO,~PbO, etc. at
high concentrations of SiO,.

In addition, model predictions should be con-
UDETUTEWUOUTREEITuTuUTTuNK CluxUTEDEBROOUEOOrETOETY
interval SCI given below in Equation (26) is higher
than three times the model standard error S.

Model predictions can be made using Equations

SEETu WG %dOE TREOx01u OOE 10 EOT SEBTOU0M EOT SERT Oy
UUEGEEUEMTDUOUUNUTYECUTUMEOELOOE TOWIIEOEEUETUUOU

SEWEE(TY "OISEIOl 2, t
(GOTUET x0u 1 HEKRAKD AcHY UL U u KENFAW
s HhuhiyAu YNk oy HANEY
dc 1¢HAN N Yttty uu HUNVK
SFUTO+H NKEY LI KguAT YU Ny Il
do Y p0UITORIrEEQD

Shhykt

(1) or (7).

The standard prediction error of the mean for a glass
composition of interest (PE, prediction error) can be
determined using

PE=S[X," (X"X)"x,]? (24)

with X, being the factor 1-column matrix derived
from the glass composition of interest, and x," be-
ing its 1-row transpose. PE is generally lower than
S. For example, if the PE is determined for a glass
from Laboratory 2 containing 3% B and 5% C, the
matrix x," would be [1]3]5]0], and the prediction is
KAGHKKUD 1R ANupP EA D HHKANARS TOOO TEOUTENITTUT UL
EWEOOrETOETIONEEOUIHIICIDty,1~1) that the average
property of multiple glass samples with the desired
composition would be as predicted with an error of
PIEHKANOPE is also a measure for the model sensibility
limitdds 1T OPWEUTTIOOE 10w UTEPEROOEDFTUTOETIO UL
ETulOuUT=UTUTOWENUTENEDFTUTOETWECEIETIOPYPTRETY
ECauUOEWEDFTUTOET Uy OEauETuEOOUE TUTEuEluaT U0
6 DU TEWOOE 10 UTEDEIROCUEDFTUTOE TIO T/ SIEOE ity1100>3,
ITTUTRUEECO r ETOE WOIEEOU N I il TERITTUEDFTUTON
xUTEDEROOUNEUTu T@UEN PRI TuENEBFTUTOETUOIVEEOU
Y LA/ S TO0EOO r ETOETOEUTEUTUONKTIEOEUPRITIEY
EFTUTOETUOIEEOUIHNAZ S TTUEOO r ETOETUETEUTEUT Uy
10Uk Caau (U TOUIELE TWUTTuTOENIOWOT T xulTOEOO rET0E Ty
00 PR3 TEWO TEOU OUUT T00aEDFTUTOWLOOE T (uxUTEDE-
tions it is desirable to make sure that the predictions
are not equal.

The standard EOOrEIOETBOIIUYE) of the mean model
prediction is obtained by multiplying the standard
prediction error PE by the t distribution value ty,
%OUEINKCHEOOrETOETIEOEIDF>15, i, can be approxi-
mated as 2. DF=5 for the model described above.

Naturally, the standard error for predicting asingle
future experiment (PEF, prediction error for a single
future experiment) is higher than the standard error
for the predicting the mean response (PE). The PEF
may be estimated using

PEF=(S*+PE?)? (25)

Comparing PE and PEF demonstrates the fact that
single experiments from one laboratory are less
valuable than the modelled mean of a number of
reproduced experiments for evaluating property
values.

STTWIEOEEUEXUTEIEROOEOO r ETOETOITUYEMOIIT T
mean for multiple glass compositions or the simulta-
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SEENTuhNaueOET REOX0TIOOETOWIERUIEUNOOET OO OUBEEDTuull

Z00xT00& u 1i0pEUEN Tu **000u /U100 2; ES

OEVIUYIEL EECEUOEOTES WU YEQUTu YEQUTu UI0DEUEQ I UIUDEUED
fuklllu NeW KKy U kgNAK YeKEAWL YEHNKKL U Tuhg HEAAY KekNKAU U KU
hllighu Tkgk Y NN YeHul4u Vel Au Nroygh I+ Kk KU NhugkiubUl
Hysll gt 1K NH KL Vet VEYNIUL o NkgAHH A NYAHUUA
Ikghu ThugKhutuy 1 K¢y YekiukNy YELANLY 00 UgNUHHR HYAKNY o hugy TUA
Atughuy HKINKy 1 KgFAYKy YeKKh YEHAAYU o Y g 1 RENAK o g Ik
Higku HgkivHy NEeyhH YEHHUNY YeyHyhu o NKghuIvA HKNNAY NYERKI
kit KAGKEYKu NKgh YKy VeKHuYL YeukKh o NASHUI Y. Hivth NYAUUAT
HKgh Hy Y NrugNHy L YeHHuyU ey L o YUKy HKNAKY NYgHARL
NAKu WUNHRA 1 KgKEKHy YHUKYu 0-9230 NKgvAHH kiHHHku o gKYKK

neous cOOrEI10ETiinterval of the mean
SCI=PE(pFyiis) (26)
UTRTEOO T TuETUOEDO V& TE Ny EO0 OTuUTYTUEG xUTEDEUT Eu
YEOUTUEUTuP I TROUT T TEDr TEWECT Tuba0 T TTETURUT Eu
EOOrEI10ETupS-method®). SCI should be preferred
over PE in glass technology because it shows the con-
rETOETWIOENT EOOENxUOEUEROOUSTTINK C12" * (WOUEL
glass containing 3% B and 5% C following the model
pOuSEENT UuhlEOEuNubULKAAKKUIPIYFAKKKIpS C 1A FAKKK
With Fsy; 4 saketuN H1AG(T0T TUTOEOUEOOUERGRO Turk Chu MiEOEY
5% C were mass produced, then 95 out of 100 glasses
are predicted to have the desired property with an
TUUOUOTpYEAKKKUE TEEUUTUOIWOOE TOIUOETUIENOUZ

The prediction errors PE, PEF, and SCI described
above are valid only if the chemical glass composition
is known exactly. However, the chemical composition
within a glass melting tank may vary, and the accu-
racy of achemical analysis of a sample from the glass
tank may vary as well. For a good estimation of the
predicted property error, the chemical composition
variation within a glass melting tank must be quanti-
rIECTUOUTTETTOPEENEOEIAURUA(IWUT TUTOEVIEOO * Op-
(pOCWOWUT TWEOOWUWAUIT OEMEEWNAUEDFTUTOULOWX 1Dy Ey
0OEEIROOUNITOUTY EBFTUTOUEOO xOUBROOUNUTOUIELETY
used for property prediction within those locations.
In case the glass composition varies randomly, several
measurements should be taken, and the standard de-
viation of each glass component, which is the result of
random variations of the chemical composition in the
tank and the analytical measurement error, should
be calculated. The glass composition uncertainty can
now be converted to a property prediction cOOrEI10E1
interval due to chemical uncertainty (PCIC) using

PCIC=ty;,(CO".SC.CO)"? (27
with CO being the 1-column col SENOUOEIRRHUIOON
Equation (12). The degrees of freedom DF in Equation
(27) may be assumed to equal the number of samples

SEEOTul Y " TTOPEEQEOOXOUBROONYEUDEOETUOEIURRISC)

used to determine the SC (see below) minus one.

The chemical composition variance matrix SC (S
10Uih?, C for cTTOMEENMPOUSGUEROOup I AKBUET rOTERC
Table 20. It consists of a diagonal matrix that contains
for each glass component included in the model
as diagonal elements, and zero in all other matrix
positions. In case the model included squared or
interaction variables according to Equation (7), they
need to be considered in the chemical composition
variance matrix as well. If the main glass component
silica (SiO,) were excluded following the slack-vari-
able technique in Equations (1) and (7) the matrix CO
should be recalculated according to the canonical
model form in Equation (5) following equations listed
by Piepel (Ref. 91, p 190) and Cornell (Ref. 6, p 15-18
and 333-343).

The total prediction confidence interval Cly
caused by model uncertainty and the uncertainty of
the chemical glass composition to be predicted is the
sum of SCl and PCIC

Clw=SCI+PCIC (28)

The technique described in this work can be suc-
cessfully applied for glass property modelling as
demonstrated in previous papers.@™

Analysis summary

The advantages of the presented statistical analysis

method may be summarised as follows:

Superior accuracy: The large number of source data
points allows a higher accuracy than the error
arising from a few experiments.
completed within minutes. In contrast, one single
experimental investigation may take several
hours or days, including large personnel and
equipment expenses, and the measurement ac-

I **0Ox001 Ol **0Ox00100ulu **0Ox001 00k **0Ox001 Oluku **0Ox0010luk
“00x00100hu b’ 0 0 0 0
*0Ox0010ll Y b2 0 0 0
“0Ox00100h YU Yu b 0 0
*0Ox00100Ke  Yu Yu Yu b 0
“0Ox00100ki  Yu Yu Yu Yu hs?
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other investigators.

** OO <ERENRIanMultiple regression makes data com-
XEUEEOTIOY TUPDETEOOxOUBROOWEOTTULEDFTUTO
measurement techniques, and from various
investigators. Previous glass property models
can be integrated (e.g. Lakatos et al; Hrma et al).®®
6 HTOULOUM>0TWUTTUTUUROONOOAUE EIEBOEDOEUaw
glass systems are directly comparable.

TUOEEUExx(PEEIDOOUUEOTI0The accuracy of new
measurements mostly cannot be derived directly
10O OWROEUUTUDOIULOWTTWERT ORI ERITUEDDUTOU
from NIST or DGG glass property standards. The
multiple regression modelling approach may
POECUETWTYTUEGTOEUUMax 10U TEDFTUTOUETTOD-
cal compositions; it makes them comparable.
Consequently, the model allows predictions in
composition areas that are not covered by com-
mon industrial models that are valid for only one
inside and outside conventional ranges can be
predicted and compared economically.

Future work

Itis recommended that the demonstrated method be
applied to all experimental values in the databases
SciGlass® and Interglad® for “cleaning up” and
organising the large volume of collected data, as in
the work started by the author.® For example, up
to now, such awell investigated glass property as the
+YOTI00uUOST 0RO Tux OdOUDOLENUBO <0 TuEROEVAuUAUIT Ou
like SiO,—Na,0 is not known exactly, as demonstrated
through Table 21 and Figure 8. For other less inves-
tigated properties and multicomponent glasses, the
UOETUUEROURT UuEUTy OOUTuURTODrEEOUGW (ulu OTETUUE &
to quantify property values and the corresponding
errors in detail.

The quality of the experimental data published
by various authors should be evaluated based on
statistical procedures described in this work and
O0OPIETTOWTTWUETEROEY 10DOEIUES TWallT OEREL
OFUTILOTyPTOTLUTUTUECELITTyUTWEUEN UEEYTUOTY
compared with other investigators. A “quality rating”
for publications, authors, or institutions would help
(6u 0N TODrEEOU0awDOxUOY Tu (T Tu EEEUUEEaW Olu x U0 TUl&w
predictions.

In the future, systematic experiments should be
xT0IOUOTEw 0w r0u(TTuOUOTUOUL UTOENOIOTu PEIEOCU
UxOUUu0TUTOEUU<UOX TUIRT UaeeOUIBOUIEOE T00WO TIOUOOIT -
pOTubU 0O0P OuEEOUITTuDORUTOET Uu Oy EDOEUaW TOEUUL
component interactions on properties besides very
OMTEROIOUOEROOWOIEOOrOTEWUALITOUEOOETUONOTU
OBRTEuEOOEN® TFTEIU EOUOOWEOOOEMT Uty Ol E0UODOEL
interactions.

Some steps of the statistical analysis procedure can
be automated; hence, it is possible to introduce them
into the databases SciGlass® and Interglad® directly,
SEEOTw Iviu+Y0T000u00ST 000 TuxGBOUDO T TuEBOEUAWUAUIT Ou
Si0,~Na,O for Na, . A+y+HaO0Th

O0TO0 SiEl Ep—E, - uOuO0ITIL  +0/0D0uS™
K. S. Evstropiev 1940 34.00 578-6
G.S. Meiling 1967 3346 595.2
K. S. Evstropiev 1968 33:30 5587
Shvaiko-Shvaiko 1968 30-00 606-8
Shvaiko-Shvaiko 1968 35.00 588-3
O. G. lvanov 1969 3000 600-2
0. V. Mazurin 1970 3000 600-1
K. Matusita 1973 3330 574.1
U. E. Schnaus 1976 33.00 600-8
6 o= oiUOEEUTTW  hNAWY +H-:31 5960
N. A. Ghoneim 1984 3333 636-0
Y. Shiraishi 1987 33.00 597.0
R. Ota 1991 3330 6269
R. Ota 1995 3333 6139
M. Liska 1996 3341 6056
D. Ehrt 1997 33.00 5925
D. B. Dingwell 1998 3061 585-2
D. Ehrt 2001 33.00 587:1

1TITUTOET0i2E0&IEUU#EIEEEUTUEOE(OTOUOEROOI2aUIT Oukey
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especially for well investigated properties and within
OSTOuTREONOTEUTOEUUEOOxOUBIBOOUUESTT U (Uudly OO
recommended to automate all steps described in this
work; glass science and statistical expertise must be
considered.

The analysis procedure presented in this study is
a powerful and economic tool for data organisation
and modelling, based on empirical and impartial
phenomenology. However, the technique does not
E000PuELE TUEDOT EWED T Ol r EWIOE TUUIECEDO TUOTEOWIEIT Uy
and processes within glass, e.g. on the atomic scale.
SOOEIEROUEETYTUSOURT TUOIOW T TIOEIOUTLOTITOECUMT Ty
simple linear and polynomial equations applied in
this work may be replaced by equations with physi-
cal meaning such as those described in the nonlinear
regression section above.

Conclusions

Astatistical analysis method has been presented that
enables the modelling of glass properties with high
accuracy. It is possible for any user to perform all
steps of the analysis in commonly available spread-
UTTI0WUOSPEUTE

Statistical analysis allows measurement accuracy
to be established through the combined modelling of
BT TOUOETUOIOURTHOENMEEIEMIOOEDFTUTOWIOUUET Uy
3TTuOOEN001EuEEEUUEEAWAUNOSTOUUUXTUOU IOuELTTPUY
test measurements within one laboratory because
OlUTTul (OHOEROCUOILITTORUTOETUOTUAUIT OEREE AL
EDFTUTOUIRXTURO TOIELEOOEAROOUEOEYOUIUAUIT OEREY
errors.

The detailed knowledge of glass property—-compo-
sition relations makes targeted investigations possible
P TIOIONOEMRO TUEOELrOEOEDENDOY TUIOTOU

The presented statistical analysis technique does
not allow a detailed physical understanding of all
states and processes within glass, e.g. on the atomic
scale. Further work is necessary in this area.

For obtaining highly accurate glass property
predictions it is recommended to systematically
analyse all available glass databases, and to introduce

a “quality rating” for publications.
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