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Introduction
(ÕɯÎÓÈÚÚɯ ÙÌÚÌÈÙÊÏɯÈÕËɯ ÛÌÊÏÕÖÓÖÎàȮɯ ÐÛɯ ÐÚɯÖŜÌÕɯÕÌÊÌÚ-
sary to reduce the costs of raw materials, to improve 
Ú×ÌÊÐŗÊɯ×ÙÖ×ÌÙÛÐÌÚȮɯÖÙɯÛÖɯËÌÚÐÎÕɯÈɯÎÓÈÚÚɯÊÖÔ×ÖÚÐÛÐÖÕɯ
for new applications. To meet these needs, the use 
of personal experience and published scientific 
literature is advantageous. In recent years, the crea-
tion of large glass property databases has facilitated 
systematic glass property modelling and property 
measurement evaluation. It is no longer required to 
search worldwide for numerous individual publica-
ÛÐÖÕÚɯÙÌÎÈÙËÐÕÎɯÚ×ÌÊÐŗÊɯ×ÙÖ×ÌÙÛÐÌÚȭɯ3ÏÌɯÊÖÔÔÌÙÊÐÈÓÓàɯ
available systems SciGlass(1) and Interglad(2) combine 
ÏÜÕËÙÌËÚɯÖÍɯÛÏÖÜÚÈÕËÚɯÖÍɯÌß×ÌÙÐÔÌÕÛÈÓɯŗÕËÐÕÎÚɯÍÙÖÔɯ
the majority of glass research papers from over a cen-
tury, including the associated references. In addition, 
SciGlass gives details about measurement methods. 
Furthermore, predictions are possible in SciGlass 
through models published previously, and Interglad 
includes a predictive linear regression feature.

Despite the recent progress, there are several 
shortcomings in these commercial tools:
(1)	 Numerous experimental data from various inves-

ÛÐÎÈÛÖÙÚɯËÐřÌÙɯÚÐÎÕÐŗÊÈÕÛÓàȮɯÌÝÌÕɯÞÐÛÏÐÕɯÚÐÔ×ÓÌɯ
glass systems and for well investigated properties 
(see Figure 8 in the discussion of future work).

(2)	 Many predictive glass property models exist 
ÐÕɯÛÏÌɯÓÐÛÌÙÈÛÜÙÌȮɯÈÕËɯÐÛɯÐÚɯÚÖÔÌÛÐÔÌÚɯËÐŚÊÜÓÛɯÛÖɯ
decide which model is the most appropriate.

(3)	 Industrial glasses have complex compositions, 
and it is not always possible to predict properties 
through commonly used linear property–compo-
sition relations.

(4)	 Some of the published models are based on sci-
ÌÕÛÐŗÊɯ×ÙÐÕÊÐ×ÓÌÚɯÖÙɯËÌÙÐÝÌËɯÈÚÚÜÔ×ÛÐÖÕÚɯÈÉÖÜÛɯ
the details of chemical bonding within a glass. 
Therefore, experiments need to be interpreted 
ȹÛÏÈÛɯÓÌÈËɯÛÖɯÛÏÖÚÌɯÚÊÐÌÕÛÐŗÊɯ×ÙÐÕÊÐ×ÓÌÚɯÖÙɯÛÖɯÛÏÖÚÌɯ
derived assumptions about the details of chemi-
cal bonding within a glass) before some models 
can be established. This can be a source of error 
based on the accuracy of this interpretation.

ȹƙȺ	 2ÖÔÌɯÔÖËÌÓÚɯ ÊÖÕÚÐËÌÙɯ ÛÏÌɯ Ìß×ÌÙÐÔÌÕÛÈÓɯŗÕË-
ings of a few or only one single investigator, i.e. 
systematic errors of a few investigators easily can 
lead to incorrect conclusions. Systematic errors 
of whole data series are known in glass science 
as described below in Table 2, and referred to at 
the end of Step 7 of the statistical analysis (outlier 
analysis, data leverage).

(6)	 The prediction errors for models based on one 
ÐÕÝÌÚÛÐÎÈÛÖÙɯ ÙÌŘÌÊÛɯ ÛÏÌɯÔÌÈÚÜÙÌÔÌÕÛɯ×ÙÌÊÐÚÐÖÕɯ
in her/his laboratory, but it is not possible to 
conclude how such prediction errors will relate 
to those based on data from other laboratories.
(ÕɯÛÏÐÚɯÞÖÙÒȮɯÈÕɯÈŲÌÔ×ÛɯÐÚɯÔÈËÌɯÛÖɯÖÝÌÙÊÖÔÌɯÛÏÌÚÌɯ

problems above for practical application in glass 
technology. The goal is a method that features quan-
titative prediction accuracy and simplicity. Therefore, 
it is not a requirement to have an expert knowledge 
of all details of the nature of glass, the published 
modelling techniques, or advanced mathematical 
procedures. It is also not necessary to acquire expen-
ÚÐÝÌɯÚÖŜÞÈÙÌɯȹÉÌÚÐËÌÚɯÊÖÔÔÖÕɯÚ×ÙÌÈËÚÏÌÌÛɯÚÖŜÞÈÙÌɯ
like Excel) or a high performance computer. However, 
it is strongly advised to rely on experience about the 
ÚÜÉÑÌÊÛɯÔÈŲÌÙȮɯÈÕËȮɯÐÍɯ×ÖÚÚÐÉÓÌȮɯÖÕɯËÌËÐÊÈÛÌËɯÚÖŜÞÈÙÌɯ
that can perform some of the procedures described 
in this tutorial automatically.
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High accuracy can be obtained by using (1) a 
large number of experimental findings from the 
commercial SciGlass and Interglad databases and (2) 
well established statistical analysis techniques. The 
statistical approach outlined here is not original in 
general, as numerous publications can be consulted 
about the topic,(3–9)ɯÞÙÐŲÌÕɯÖÝÌÙɯÛÞÖɯÊÌÕÛÜÙÐÌÚȭɯ(ÕɯÛÏÌɯ
current work, the statistical method largely follows 
general techniques that are applied successfully, for 
example by Harold S Haller & Company(10) in busi-
ness consulting, by Bechtel Hanford Inc. for nuclear 
ÞÈÚÛÌɯÝÐÛÙÐŗÊÈÛÐÖÕȮ(11) and for modelling of solar con-
trol glasses.(12)ɯ2ÛÈÛÐÚÛÐÊÈÓɯÈÕÈÓàÚÐÚɯÐÚɯÈÓÚÖɯŗÙÔÓàɯÌÚÛÈÉ-
lished in numerous areas in quality control, economy, 
biology, sociology, politics, etc., to mention just a few 
applications. The range of applications underlines the 
basic character of statistical analysis that has been 
ignored for too long in glass science.

Statistical analysis in glass science and 
technology

$ÙÕÚÛɯ ÉÉÌȮɯ.ŲÖɯ2ÊÏÖŲȮɯÈÕËɯ ȭɯ6ÐÕÒÌÓÔÈÕÕɯÐÕÐÛÐÈÛÌËɯ
methodical studies of glass properties in the 19th 
century, creating the basis of modern glass science 
in Jena, Germany. They considerably improved the 
use of glasses for special applications, e.g. for optics, 
thermometers, and as a thermal shock resistant mate-
ÙÐÈÓȭɯ6ÐÕÒÌÓÔÈÕÕɯȫɯ2ÊÏÖŲɯ×ÜÉÓÐÚÏÌËɯÛÏÌɯŗÙÚÛɯÔÖËÌÓɯ
that allowed the prediction of glass properties based 
on the chemical composition, using the additivity 
principle,(13,14) i.e. multiple regression using linear 
functions. This principle is based on the assumption 
that the relation between the glass composition and a 
Ú×ÌÊÐŗÊɯ×ÙÖ×ÌÙÛàɯÐÚɯÓÐÕÌÈÙÓàɯÙÌÓÈÛÌËɯÍÖÙɯÈÓÓɯÊÖÔ×ÖÕÌÕÛɯ
concentrations. In this case all of the component 
ÐÕŘÜÌÕÊÌÚɯÊÈÕɯÉÌɯÚÜÔÔÌËɯÈÚɯÍÖÓÓÖÞÚ

Property i i0
1

C
i

n
	 (1)

where ϕ0 in Equation (1) is the model intercept, n is the 
ÛÖÛÈÓɯÕÜÔÉÌÙɯÖÍɯÚÐÎÕÐŗÊÈÕÛɯÎÓÈÚÚɯÊÖÔ×ÖÕÌÕÛÚɯÌßÊÓÜË-
ing the main component (usually silica), the i values 
ÈÙÌɯÛÏÌɯÐÕËÐÝÐËÜÈÓɯÕÜÔÉÌÙÚɯÖÍɯÛÏÌɯÚÐÎÕÐŗÊÈÕÛɯÎÓÈÚÚɯ
components, the ϕiɯÝÈÓÜÌÚɯÈÙÌɯÛÏÌɯÊÖÔ×ÖÕÌÕÛɪÚ×ÌÊÐŗÊɯ
ÊÖÌŚÊÐÌÕÛÚȮɯÈÕËɯÛÏÌɯCi values are the concentrations 
of the glass components (also called model factors or 
independent variables).

The additivity principle allows for very precise 
and accurate predictions within limited concentration 
ranges,(12,13,15–24) that cannot be reached by structural,(25–

29) thermodynamic,(30–53) or molecular dynamic(54–56) 
modelling approaches. Because of the simplicity of 
the technique, the ease of interpretation, and good 
×ÙÌËÐÊÛÐÖÕɯ ÙÌÚÜÓÛÚɯÞÐÛÏÐÕɯ Ú×ÌÊÐŗÌËɯ ÓÐÔÐÛÚȮɯ$ØÜÈÛÐÖÕɯ
(1) is most widely used for glass property modelling. 
The additivity principle cannot however be applied 

for modelling glass properties over wide concentration 
ranges because of component interactions.

The glass models summarised above are not dif-
ferent in principle. Procedures expressed through 
ÌØÜÈÛÐÖÕÚɯ ÉÈÚÌËɯ ÖÕɯ Ú×ÌÊÐŗÊɯ ÝÈÙÐÈÉÓÌÚɯ ÈÙÌɯ ÈÓÞÈàÚɯ
established for property–composition relationships. 
The variables and equations vary, however, and 
sometimes the variables are derived beforehand 
from basic principles (“ab initio”) which are in turn 
based on other (basic) observations such as the atomic 
mass, bonding distance, bond strength, electron af-
ŗÕÐÛàȮɯÚÛÖÊÏÐÖÔÌÛÙàȮɯÖÙɯÌÓÌÔÌÕÛÈÓɯÊÏÈÙÎÌȭɯ3ÏÌÙÌÍÖÙÌȮɯ
all models are empirical by nature, while in ab initio 
models the empirical character is hidden within 
ÍÜÕËÈÔÌÕÛÈÓɯ ÓÈÞÚɯÈÉÖÜÛɯ×ÙÖ×ÌÙÛàɯÙÌÓÈÛÐÖÕÚȭɯ.ŜÌÕȮɯ
property modelling derived from other observed 
×ÙÖ×ÌÙÛÐÌÚɯ ÐÚɯ ÓÌÚÚɯ ÙÌÓÐÈÉÓÌɯ ȹÉÜÛɯ ÚÊÐÌÕÛÐŗÊÈÓÓàɯÔÖÙÌɯ
interesting) than direct modelling of observed prop-
ÌÙÛÐÌÚȭɯ!ÌÊÈÜÚÌɯÛÏÌɯÕÈÛÜÙÌɯÖÍɯÎÓÈÚÚɯÐÚɯÕÖÛɯÚÜŚÊÐÌÕÛÓàɯ
ÞÌÓÓɯÜÕËÌÙÚÛÖÖËȮɯÍÌÞɯÔÖËÌÓÚɯÌßÐÚÛɯÞÏÌÙÌɯËÐřÌÙÌÕÛɯ
kinds of properties can be mutually derived from 
each other, e.g. thermodynamic and rheological 
properties, even though rheological properties can 
be determined from thermodynamic properties. 
3ÏÌɯŗÕÈÓɯÎÖÈÓɯÐÚɯÛÖɯunderstand the meaning of all the 
variables and relationships in glass models in detail. 
In the current work, it is suggested that the problem 
should be approached stepwise, i.e. an empirical 
start is made using simple linear and polynomial 
relations between the glass composition and observed 
properties. Once all relevant phenomena have been 
recognised and organised by means of basic statistical 
analysis, the step from observation to interpretation 
ÊÈÕɯÉÌɯ×ÌÙÍÖÙÔÌËɯÞÐÛÏɯÔÜÊÏɯÏÐÎÏÌÙɯÊÖÕŗËÌÕÊÌɯÛÏÈÕɯ
without statistical analysis.

In the following paragraphs, simple statistical 
analysis will be developed for glass property model-
ling as the most basic tool of data organisation and 
interpretation.

Single linear regression using linear functions

Property=ϕ0+ϕ1C	 (2)

The terms ϕ0 and ϕ1 in Equation (2) are regression 
ÊÖÌŚÊÐÌÕÛÚ and C is the regression factor or independent 
ÝÈÙÐÈÉÓÌ (glass component concentration). Equation (2) 
can be used for glass property modelling in binary 
systems within narrow concentration limits.

Single linear regression using polynomial functions

Property=ϕ0Ƕϕ1"Ƕϕ2C2Ƕϕ3C3+…	 (3)

Equation (3) can be used for modelling in binary glass 
systems within wide concentration ranges as long as 
ÚÜŚÊÐÌÕÛɯËÈÛÈɯÌßÐÚÛɯÈÕËɯÚÏÈÙ×ɯ×ÙÖ×ÌÙÛàɯÌßÛÙÌÔÈ(57,58) 
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ÊÈÜÚÌËɯÉàɯÚÐÎÕÐŗÊÈÕÛɯÊÙàÚÛÈÓÓÐÚÈÛÐÖÕȮɯ×ÏÈÚÌɯÚÌ×ÈÙÈ-
ÛÐÖÕȮɯÖÙɯÖÛÏÌÙɯÌřÌÊÛÚɯËÖɯÕÖÛɯÖÊÊÜÙȭ

Even though nonlinear polynomial functions are 
used in Equations (3), (6), and (7), those equations are 
still linearɯÐÕɯÛÏÌɯÊÖÌŚÊÐÌÕÛÚɯÈÕËɯÛÏÌàɯÈÙÌɯÚÖÓÝÌËɯÜÚÐÕÎɯ
linear ÙÌÎÙÌÚÚÐÖÕȭɯ ÓÓɯÊÖÌŚÊÐÌÕÛÚɯÖÍɯÛÏÌɯÏÐÎÏÌÙɯÖÙËÌÙɯ
terms in Equations (3), (6), and (7) are determined 
in exactly the same way (through Equation (12), see 
ÉÌÓÖÞȺɯÈÚɯÛÏÌɯŗÙÚÛɯÖÙËÌÙɯÈËËÐÛÐÝÌɯÛÌÙÔÚɯÐÕɯ$ØÜÈÛÐÖÕÚɯ
(1), (2), (4), and (5). An example for non linear regres-
sion is described below.

Multiple linear regression using linear functions

Property=ϕ0Ƕϕ1C1Ƕϕ2C2Ƕϕ3C3+…	 (4)

Equation (4) is identical to Equation (1). It may be 
applied for glass property modelling in multicom-
ponent systems within narrow concentration ranges 
under exclusion of sharp property extrema such as 
caused by crystallisation, phase separation, and other 
ÌřÌÊÛÚȭɯ"ÖÔ×ÖÕÌÕÛɯÐÕÛÌÙÈÊÛÐÖÕÚɯÈÙÌɯÕÖÛɯÊÖÕÚÐËÌÙÌËɯ
in this model form.

It needs to be mentioned that the intercept in Equa-
tions (1) to (4) may be eliminated if the main glass 
component silica (SiO2) is included in the equation. 
For example, in the binary system SiO2–Na2O Equa-
ÛÐÖÕɯȹƖȺɯÔÈàɯÉÌɯÔÖËÐŗÌËɯÈÚɯÍÖÓÓÖÞÚ

Property=ϕ0Ƕϕ1C(Na2O)ǻϕ2C(SiO2)Ƕϕ3C(Na2O)+…	(5) 

[Author: please check this equation, not sure about 
the second "="]
The approach using an intercept is called ɁÚÓÈÊÒɯ
ÝÈÙÐÈÉÓÌɂ (SV) technique and the approach without 
results in a ɁÊÈÕÖÕÐÊÈÓɂ or Ɂ2ÊÏÌřõɂ type model.(59) 
Both approaches are very similar statistically; how-
ever, the canonical form of the model is expected to 
produce slightly more accurate predictions if the 
ÔÈÐÕɯÊÖÔ×ÖÕÌÕÛɯÊÖÕÊÌÕÛÙÈÛÐÖÕɯÝÈÙÐÌÚɯÚÐÎÕÐŗÊÈÕÛÓàɯÖÙɯ
even approaches zero. The slack variable technique 
will be the main focus of this study because it can be 
straightforwardly applied to common binary systems 
such as SiO2–Na2O using squared and cubic terms for 
Na2O that are not allowed in the canonical technique, 
as discussed in the following section. Most com-
mercial glasses contain silica as the main component 
(about 40 to 85 mol%) that can be excluded, and slack 
variable modelling results can be interpreted easily: 
Èɯ Ú×ÌÊÐŗÊɯ ÊÖÌŚÊÐÌÕÛɯ ÚÏÖÞÚɯ ÛÏÌɯ×ÙÖ×ÌÙÛàɯÝÈÙÐÈÛÐÖÕɯ
caused by the exchange of 1% of the considered com-
×ÖÕÌÕÛɯÍÖÙɯÚÐÓÐÊÈȭɯ3ÏÌɯÔÜÓÛÐ×ÓÌɯÙÌÎÙÌÚÚÐÖÕɯÊÖÌŚÊÐÌÕÛÚɯ
obtained with the slack variable (SV) technique are 
similar to the values commonly depicted in “spider 
graphs”.(16,17) Except for the constant term, ϕ0, the SV 
ÊÖÌŚÊÐÌÕÛÚɯÔÜÚÛɯÉÌɯ ÐÕÛÌÙ×ÙÌÛÌËɯÈÚɯ ÙÌÚÜÓÛÐÕÎɯ ÍÙÖÔɯ
interactions with the excluded main component silica 
(Ref. 6, p15–18 and 333–343); while in a canonical 

ÔÖËÌÓɯÛÏÌɯÊÖÌŚÊÐÌÕÛÚɯÚÏÖÞɯÛÏÌɯÌßÛÙÈ×ÖÓÈÛÌËɯ×ÙÖ×ÌÙ-
ties of the related pure components in the (theoretical) 
vitreous state. All equations described in this work 
can be applied for the SV and canonical modelling 
approaches as described below.

Multiple linear regression using polynomial 
functions

Property=ϕ0Ƕϕ1C1Ƕϕ2C2Ƕϕ3C3ǶȱǶϕ4C1
2Ƕϕ5C2

2Ƕϕ6C3
2+…

Ƕϕ7C1C2Ƕϕ8C2C3ǶȱǶϕ9C1
3Ƕȱϕ10C1

2C2Ƕϕ11C1
2C3+…	 (6)

Equation (6) is analogous to Equations (2) to (5). The 
exact form of Equation (6) for the SV regression model 
using polynomial functions of the second order 

Property i i i i ik i k0
2

11
C C C C

Ò Ð

n

i

n
	 (7)

where ϕ0 is the intercept, ϕi are the single component 
coefficients and the coefficients of squared influ-
ences, and ϕikɯÈÙÌɯÛÏÌɯÊÖÌŚÊÐÌÕÛÚɯÖÍɯÛÞÖɯÊÖÔ×ÖÕÌÕÛɯ
interactions. The variable n in Equation (7) is the total 
ÕÜÔÉÌÙɯÖÍɯÛÏÌɯÚÐÎÕÐŗÊÈÕÛɯÎÓÈÚÚɯÊÖÔ×ÖÕÌÕÛÚɯÌßÊÓÜËÐÕÎɯ
silica; j and ÒɯÈÙÌɯÛÏÌɯÐÕËÐÊÌÚɯÖÍɯÛÏÌɯÚÐÎÕÐŗÊÈÕÛɯÎÓÈÚÚɯ
components, and the C-values are the component con-
centrations (excluding silica) in mol or mass fraction or 
percent (preferably mol fraction or percent). Equation 
(7) or its canonical variation may be used for glass 
property modelling in multicomponent systems over 
wide concentration ranges.(11,60–66) Sudden property 
changes, such as changes caused by crystallisation 
ÈÕËɤÖÙɯ×ÏÈÚÌɯÚÌ×ÈÙÈÛÐÖÕȮɯÈÙÌɯËÐŚÊÜÓÛɯÛÖɯËÌÚÊÙÐÉÌɯÞÐÛÏɯ
multiple regression using polynomial functions;(58) 
therefore, advanced nonlinear functions should be 
applied in these cases. For example, only within very 
limited concentration ranges can glass liquidus tem-
peratures be modelled with linear regression using 
polynomial functions,(22,23,67–69) as long as the primary 
ÊÙàÚÛÈÓɯ×ÏÈÚÌɯÐÚɯÊÖÕÚÛÈÕÛɯÖÙɯÏÈÚɯÓÐŲÓÌɯÐÕŘÜÌÕÊÌȭ

If all high order terms are examined in a second 
order canonical model, then only cross product terms 
(CiCk), and no squared terms (Ci

2), are allowed to 
avoid over-parameterisation caused by the mixture 
constraint C1+C2+C3+…+Cn=100%. However, if only 
some of the second order terms are populated, then 
both cross product and squared terms can appear in 
a “reduced” model.(70)

Multiple nonlinear regression using advanced 
functions

It is possible to introduce advanced functions into 
Equation (7), or the structure of the equation may be 
changed completely. Chemical equilibria between spe-
cies in glass may be considered.(36,43,44,71) The exact cal-
culation of chemical equilibria based on equilibrium 
constants and total concentrations requires the solu-
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tion of high order polynomials, e.g. a second order 
polynomial for a two component mixture including 
one interaction,(64)ɯÖÙɯÈɯŗŜÏɯÖÙËÌÙɯ×ÖÓàÕÖÔÐÈÓɯÍÖÙɯÈɯ
three component mixture including all three pos-
sible two component interactions. Multicomponent 
mixtures can be calculated numerically using a high 
performance workstation.

A widely applied nonlinear approach is neural 
ÕÌÛÞÖÙÒɯ ÙÌÎÙÌÚÚÐÖÕ:(72) logistic activation functions 
such as ex/(1+ex) or tanh(x) are used as “neurons” 
that make graduated yes/no “decisions” according 
to the input signal. Several neurons are connected 
ÍÖÓÓÖÞÐÕÎɯ Ú×ÌÊÐŗÌËɯ ÙÜÓÌÚȮɯ ×ÈÙÛÐÈÓÓàɯ ÊÖÔ×ÈÙÈÉÓÌɯ ÛÖɯ
neural networks in biology. The connections between 
ÛÏÌɯÕÌÜÙÖÕÚɯÈÙÌɯÞÌÐÎÏÛÌËȮɯÐȭÌȭɯÛÏÌɯÚÐÎÕÈÓɯÐÚɯÈÔ×ÓÐŗÌËɯ
ÖÙɯÙÌËÜÊÌËȭɯ3ÏÌɯɁÞÌÐÎÏÛÚɂɯÈÙÌɯÛÏÌɯŗŲÐÕÎɯÊÖÌŚÊÐÌÕÛÚɯ
that are optimised using neural network regression. 
Dreyfus et al(58) demonstrate the application of neural 
network regression for glass property modelling. 
They show that neural network regression is ad-
vantageous compared to multiple regression using 
polynomial functions if the glass property does not 
change gradually with the chemical composition, but 
sharp property extrema do occur such as liquidus 
ÚÜÙÍÈÊÌÚȭɯ/ÖÓàÕÖÔÐÈÓɯÍÜÕÊÛÐÖÕÚɯËÖɯÕÖÛɯŗÛɯÛÏÌɯÚÏÈÙ×ɯ
extrema well that may appear in glasses because of 
crystallisation or phase separation.

For building a neural network, component inter-
actions have to be assumed and the total number of 
adjustable weights in neural networks regression 
needs to be always larger than two times the number 
ÖÍɯ ÚÐÎÕÐŗÊÈÕÛɯÎÓÈÚÚɯ ÊÖÔ×ÖÕÌÕÛÚȭɯ3ÏÌÙÌÍÖÙÌȮɯÕÌÜÙÈÓɯ
network regression requires a very high number of 
data points within an experimental region where 
interactions can be investigated. Typically multiple 
training sets are used to “teach” the neural network 
prior to application to prediction. Each training set 
will require at least as many data points as adjustable 
weights used by the network to predict response.

Advanced procedures for obtaining optimal 
regression �ts

During regression analysis, often the “ordinary 
least squares” (OLS) technique is applied to derive 
ÊÖÌŚÊÐÌÕÛÚɯÍÖÙɯÌÈÊÏɯÍÈÊÛÖÙȮɯÛÏÐÚɯÛÌÊÏÕÐØÜÌɯÔÐÕÐÔÐÚÌÚɯ
ÛÏÌɯ ÚÜÔɯÖÍɯ ÚØÜÈÙÌÚɯÖÍɯ ÛÏÌɯËÐřÌÙÌÕÊÌÚɯÉÌÛÞÌÌÕɯ ÛÏÌɯ
observed and calculated glass properties (unexplained 
ÌÙÙÖÙÚȮɯÙÌÚÐËÜÈÓÚ). It is assumed that all unexplained 
errors are normally distributed with a mean of zero 
ÈÕËɯÞÐÛÏɯÕÖɯÔÜÛÜÈÓɯÊÖÙÙÌÓÈÛÐÖÕɯÖÍɯÌÙÙÖÙÚȭɯ2ÐÎÕÐŗÊÈÕÛɯ
ÖÜÛÓÐÌÙÚɯÛÏÈÛɯÐÕŘÜÌÕÊÌɯÛÏÌɯÙÌÚÜÓÛɯÚÏÖÜÓËɯÕÖÛɯÌßÐÚÛȭɯ(Íɯ
those conditions do not apply, then advanced pro-
ÊÌËÜÙÌÚɯÍÖÙɯÖÉÛÈÐÕÐÕÎɯÖ×ÛÐÔÈÓɯÙÌÎÙÌÚÚÐÖÕɯŗÛÚɯÊÈÕɯÉÌɯ
used, e.g. robust regression.(73,74)

For glass property modelling, it is commonly not 
ÙÌØÜÐÙÌËɯÛÖɯÌÝÈÓÜÈÛÌɯÍÜÙÛÏÌÙɯŗŲÐÕÎɯÔÌÛÏÖËÚɯÉÌÚÐËÌÚɯ

OLS. In addition, the leverage analysis described 
below in the section “Step 7: Outlier analysis, data 
leverage” allows the detection and handling of out-
ÓÐÌÙÚɯÛÏÈÛɯÐÕŘÜÌÕÊÌɯÛÏÌɯÙÌÚÜÓÛȭ

Limits of regression analysis for glass property 
prediction

In principle, regression analysis can be applied to 
glass property data so long as a systematic relation 
exists between the experimental conditions such as 
concentrations and the resulting properties. How-
ever, even though regression analysis can be used 
in almost all cases, it may be used incorrectly. The 
most important issue is the possibility of sharp ex-
trema in glass properties. Besides crystallisation and 
×ÏÈÚÌɯÚÌ×ÈÙÈÛÐÖÕɯÌřÌÊÛÚȮɯÚÏÈÙ×ɯÌßÛÙÌÔÈɯÔÈàɯÖÊÊÜÙɯÐÕɯ
glasses with a network former content higher than 
ƜƙɯÛÖɯƝƔɯÔÖÓǔȭɯ%ÖÙɯÌßÈÔ×ÓÌȮɯÛÏÌɯ+ÐŲÓÌÛÖÕɯÚÖŜÌÕÐÕÎɯ
point of 100% pure silica glass may be estimated 
as 1666±50°C from 54 datapoints in SciGlass.(1) If as 
ÓÐŲÓÌɯÈÚɯƔɇƔƚɯÔÖÓǔɯÚÖËÐÜÔɯÖßÐËÌɯÐÚɯÐÕÛÙÖËÜÊÌËȮɯÛÏÌÕɯ
ÛÏÌɯ+ÐŲÓÌÛÖÕɯÚÖŜÌÕÐÕÎɯ×ÖÐÕÛɯËÌÊÙÌÈÚÌÚɯËÙÈÔÈÛÐÊÈÓÓàɯ
to 1280°C according to Leko.(57) In addition to high 
silica glasses, sharp property extrema may also be 
expected for glasses with high concentrations of B2O3 
(based on modelling studies of the author; see also 
publications by Appen and Gan Fuxi), P2O5, and GeO2 
or if extreme compositions have to be quenched fast 
to prevent crystallisation (e.g. 50 mol% Na2O plus 50 
mol% SiO2). Sharp property extrema also appear to 
exist in alkali aluminosilicate glasses with high Al2O3 
concentrations,(75,76) especially at low temperatures if 
ÛÏÌɯÔÖÓÈÙɯÙÈÛÐÖɯ Óɤ-ÈɯÐÚɯÈ××ÙÖßÐÔÈÛÌÓàɯƕɯÛÖɯƕɇƖȭ

If sharp property extrema occur that cannot be 
described through the inverse of concentrations, then 
advanced regression techniques must be applied. 
$ØÜÈÛÐÖÕɯȹƛȺɯÔÜÚÛɯÉÌɯÔÖËÐŗÌËɯÚÜÉÚÛÈÕÛÐÈÓÓàȮɯÖÙɯÛÏÌɯ
model application range must be narrowed.(22,23,67–69)

Many property data in glass related scientific 
publications were not obtained using optimal experi-
mental designs, and most papers were not published 
in mutual cooperation. This fact leads to sometimes 
strong correlations among the model variables (see 
below, section “Step 4: Correlation analysis”), i.e. vari-
ables partly depend on each other. Strong correlations 
can be excluded through the procedure described 
below, but even weaker correlations always need 
to be considered during interpretation of the model 
results (see below).

For models based on simple assumptions, 
advanced interpretations are hardly possible. For 
example, it is completely out of the question to 
derive atomic radii, chemical equilibrium constants, 
or properties of pure silica from polynomial models 
based on a few soda–lime–silica glasses. Model appli-
cation limits must be followed as described below in 

A. FLUEGEL STaTIsTICaL REGREssION MODELLING Of GLass PROPERTIEs – a TUTORIaL



Glass Technology: European Journal of Glass Science and Technology Part A  Volume 50  Number 1  February 2009 5

the section “Step 9: Model application”. Sometimes, 
interesting interpretations can be derived from mul-
tiple regression models, for example about the mixed 
ÈÓÒÈÓÐɯÌřÌÊÛɯÈÕËɯÛÏÌɯÐÕŘÜÌÕÊÌɯÖÍɯÉÈÛÊÏɯÔÈÛÌÙÐÈÓÚɯÖÕɯ
the glass viscosity.(77) Advanced regression models 
may allow further interpretation.

Selection of the appropriate regression technique

In general, regression analysis should be used accord-
ÐÕÎɯÛÖɯÛÏÌɯÈÝÈÐÓÈÉÓÌɯËÈÛÈȭɯ6ÐÛÏÐÕɯÕÈÙÙÖÞɯÊÖÕÊÌÕÛÙÈÛÐÖÕɯ
limits, the linear additivity approach is most appro-
priate whereas wider concentration limits require 
polynomial functions. If property extrema appear 
(e.g. through crystallisation, phase separation, or in 
glasses with a network former content higher than 
90 mol%) that cannot be described via the inverse of 
concentrations, then advanced regression techniques 
should be applied. The transition between the re-
gression approaches is gradual. Most important for 
deciding which technique should be used is the study 
of the linear correlation matrix (see below, Step 4: Cor-
relation analysis) of the available concentration data 
as well as the analysis of binary, ternary, and other 
related systems for evaluating the crystallisation and 
phase separation tendency, the property extrema, and 
general property trends.(78) In addition, all the mod-
elling techniques not based on regression analysis 
that are summarised in the introduction should be 
ÌÝÈÓÜÈÛÌËɯÈÊÊÖÙËÐÕÎɯÛÖɯÚÊÐÌÕÛÐŗÊɯÌß×ÌÙÐÌÕÊÌȭ

Regarding commercial silicate and borosilicate 
glasses, it is recommended in this paper, for practi-
cal reasons, to initially apply the additive multiple 
regression technique according to Equation (1) or to 
introduce selected higher order terms according to 
Equation (7). It will be explained below, beginning 
with the section “Step 3: Selection of the model type; 
establishment of all possible variables”, how the 
higher order terms are selected.

Analysis procedure using common 
spreadsheet software

Step 1: Selection of the source data
The glass property of interest must be defined. 
According to general previous experience a glass 
composition region should be selected. The compo-
ÚÐÛÐÖÕÈÓɯÙÌÎÐÖÕɯËÖÌÚɯÕÖÛɯÕÌÌËɯÛÖɯÉÌɯÝÌÙàɯÚ×ÌÊÐŗÊɯÈÛɯ
ŗÙÚÛȭɯ(ÛɯÐÚɯÏÌÓ×ÍÜÓɯÛÖɯÌßÛÙÈÊÛɯÈÓÓɯÈÝÈÐÓÈÉÓÌɯÝÈÓÜÌÚɯÍÙÖÔɯ
the databases SciGlass(1) and Interglad,(2) and other 
data sources. If the desired property was never or 
only seldom investigated in the compositional area 
of interest, then new experiments should be designed 
and performed.

The uniformity of the selected source data (the 
frequency of outstanding or special glass composi-
tions within the source data) can be evaluated with 

the leverage analysis described below (h-value). In 
many cases, outstanding glass compositions can 
be recognised empirically by sight without further 
calculations. If possible, outstanding glass composi-
tions should be excluded from the model, or it should 
ÉÌɯÝÌÙÐŗÌËɯÛÏÈÛɯ ÛÏÌɯÙÌ×ÖÙÛÌËɯ×ÙÖ×ÌÙÛÐÌÚɯÈÙÌɯÊÖÙÙÌÊÛɯ
through repeated experiments.

All concentration values must be converted to 
either mol%, wt%, or concentration ratios, where 
mol% may be preferred, especially over relatively 
wide concentration ranges. Models based on mol% 
can be interpreted more easily, for example regarding 
ÛÏÌɯÔÐßÌËɯÈÓÒÈÓÐɯÌřÌÊÛȭ(77)

Step 2: Calculation of property �xpoints and error 
normalisation

%ÖÙɯÖÉÛÈÐÕÐÕÎɯÖ×ÛÐÔÈÓɯÙÌÚÜÓÛÚȮɯÐÛɯÐÚɯÉÌÕÌŗÊÐÈÓɯÛÖɯÚÛÈàɯÈÚɯ
close to the original data as possible. For example, it 
ÐÚɯÉÌŲÌÙɯÛÖɯŗÛɯÖÙÐÎÐÕÈÓɯÝÐÚÊÖÚÐÛàɯËÈÛÈɯÛÏÈÕɯÛÏÌɯËÌÙÐÝÌËɯ
constants of the Vogel–Fulcher–Tammann equation, 
as demonstrated by Fluegel and co-workers.(20,77) 
Furthermore, properties should be preferred that 
require as limited a number of measurements as 
possible to reduce error propagation. For instance, 
glass corrosion rates may be expressed in mm/day, 
which requires measurement of only the corrosion 
layer thickness and time. Glass corrosion rates may 
also be expressed in g/m2day, where in addition to the 
corrosion layer thickness and time, the glass density 
also has to be determined. Three measurements are 
likely to contribute more error to the desired property 
than two measurements.
 ɯ×ÙÖ×ÌÙÛàɯŗß×ÖÐÕÛɯÔÜÚÛɯÉÌɯÚÌÓÌÊÛÌËɯÍÖÙɯÈÓÓɯÎÓÈÚÚÌÚɯ

that need to be analysed. If possible, not only the 
directly given data may be considered, but also safe 
interpolations should be taken into account; e.g. if a 
property is known at 800°C, 900°C, and 1100°C, it is 
in many cases possible to estimate for 1000°C.

For selecting an appropriate scale for the property 
ŗß×ÖÐÕÛȮɯÐÛɯÐÚɯÙÌØÜÐÙÌËɯÐÕÐÛÐÈÓÓàɯÛÖɯÌÚÛÐÔÈÛÌɯÛÏÌɯÖÝÌÙÈÓÓɯ
error distribution. For example, it can be assumed that 
all density measurements expressed in g/cm3 have a 
similar error, independent from the absolute value; 
ÐȭÌȭɯÈɯÎÓÈÚÚɯËÌÕÚÐÛàɯÖÍɯƖɇƙɯÎɤÊÔ3 can be measured with 
approximately the same precision as a glass density 
of 5 g/cm3. This is not the case for all properties. For 
example, a glass viscosity measurement at 100 Poise 
is related to a much lower absolute error than a 
viscosity measurement at 1013 Poise. However, the 
relative errors of all viscosity measurements are closer 
to a constant, i.e. a constant percentage of the absolute 
value. Therefore, viscosities are commonly expressed 
on a logarithmic scale, also called data transformation, 
which normalises relative errors to absolute errors. In 
%ÐÎÜÙÌɯƕɯÛÏÌɯÐÕŘÜÌÕÊÌɯÖÍɯÓÖÎÈÙÐÛÏÔÐÊɯÛÙÈÕÚÍÖÙÔÈÛÐÖÕɯ
on the observed property is demonstrated.
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In glass technology, it is recommended either to 
model the desired glass properties directly without 
data transformation or to determine the logarithm 
(natural or decadic) of the property.

Figure 2 illustrates the systematic approach con-
cerning instances when logarithmic transformation 
ÍÖÙɯÌÙÙÖÙɯÕÖÙÔÈÓÐÚÈÛÐÖÕɯÚÏÖÜÓËɯÉÌɯÊÖÕÚÐËÌÙÌËȰɯÈŜÌÙɯ
modelling a plot of the observed property values 
ÝÌÙÚÜÚɯ ÛÏÌɯËÐřÌÙÌÕÊÌÚɯÖÍɯ ÖÉÚÌÙÝÌËɯÈÕËɯ ÊÈÓÊÜÓÈÛÌËɯ
property values (residuals) shows increasing residual 
variance with increasing property value. In other 
words if large observed property values appear ap-
parently as outliers as seen in Figure 2 logarithmic 
transformation for error normalisation is advised.

Besides the logarithmic approach, further error 
normalisation techniques are not common for glass 
property modelling. In a few cases reciprocal nor-
malisation is possible.

Step 3: Selection of the model type; establishment 
of all possible variables

It is proposed to select the model type from Equa-
tion (1) for narrow concentration ranges if only few 

experimental data are available, or Equation (7) 
otherwise. In glass technology, it is seldom required 
to apply more advanced functions.

For facilitating practical application, a statistical 
analysis example will be demonstrated below. The ex-
ÈÔ×ÓÌɯÐÚɯÌÕÛÐÙÌÓàɯÈÙÛÐŗÊÐÈÓȭɯ3ÌÕɯÌß×ÌÙÐÔÌÕÛÚȮɯ×ÙÖËÜÊÌËɯ
in two laboratories, will be analysed with Equation 
ȹƕȺɯÞÐÛÏÐÕɯÈɯŗÝÌɯ ÊÖÔ×ÖÕÌÕÛɯÎÓÈÚÚɯ ÚàÚÛÌÔȭɯ3ÈÉÓÌɯ ƕɯ
ÎÐÝÌÚɯÛÏÌɯÊÖÕÊÌÕÛÙÈÛÐÖÕÚɯÖÍɯÛÏÌɯŗÝÌɯÊÖÔ×ÖÕÌÕÛÚɯ Ȯɯ!Ȯɯ
C, D, and E, the related property, and the laboratory 
designation. It may be known to the statistical analyst 
that in Laboratory 1 a new measurement method was 
ÈŲÌÔ×ÛÌËɯÛÏÈÛɯÐÚɯÈÚÚÜÔÌËɯÛÖɯÉÌɯÈÚɯÚÌÕÚÐÛÐÝÌɯÛÖɯÎÓÈÚÚɯ
composition changes as the well established method 
used in Laboratory 2, but also that is assumed to not 
give the correct absolute property value.

If component interactions need be analysed, sev-
eral columns need to be added to Table 1 that contain 
the concentration products of interest, such as B.C, 
B.D, and B.E as well as squared terms, e.g. B2. In this 
example, nonlinear terms will not be considered.

If the glass compositions to be analysed contain 
elements in various oxidation states, every oxidation 
ÚÛÈÛÌɯÚÏÖÜÓËɯÉÌɯÐÕÛÙÖËÜÊÌËɯÈÚɯÈɯÚÌ×ÈÙÈÛÌɯÝÈÙÐÈÉÓÌȭɯ.ŜÌÕɯ
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however, the exact ratios of the oxidation states of an 
element in glass are unknown. Then, it is only pos-
sible to consider the sum of all oxidation states as one 
variable. For example, in most cases, the exact ratio of 
Fe(III)/Fe(II) in glass is not measured, and Fe(III) plus 
Fe (II) must be taken as a single variable (considering 
two Fe ions in Fe2O3 and one Fe ion in FeO).

If glass component interactions are well known 
from the literature, e.g.ɯÔÐßÌËɯÈÓÒÈÓÐɯÌřÌÊÛÚɯÖÙɯÉÖÙÖÕɯ
ÖßÐËÌɯ ÈÕÖÔÈÓÐÌÚȮɯ ÐÛɯ ÚÏÖÜÓËɯÉÌɯ ÊÖÕŗÙÔÌËɯ ÛÏÈÛɯ ÊÖÙ-
responding interaction variables are established. Ex-
amples of this are the concentration products Na2O.
K2O and Na2O.B2O3. All possible interaction variables 
also may be added, in case some of them turn out to 
ÏÈÝÌɯÈɯÚÐÎÕÐŗÊÈÕÛɯÐÕŘÜÌÕÊÌȭɯȹ5ÈÙÐÈÉÓÌɯËÌÚÌÓÌÊÛÐÖÕɯÞÐÓÓɯ
be described later based on correlation analysis and 
ÍÈÊÛÖÙɯÚÐÎÕÐŗÊÈÕÊÌȭȺ

If reasonable, further variables could be created, 
such as the inverse of concentrations to account for 
extreme end term properties, concentration ratios, 
ÌÛÊȮɯ1ÌÍȭɯƚȮɯ×ɯƖƜƚȭɯ(Ûɯ ÐÚɯÕÖÛɯÉÌÕÌŗÊÐÈÓɯ ÐÕɯÔÈÕàɯÊÈÚÌÚɯ
for common glasses with C(SiO2)=40 to 85 mol% to 
consider the mentioned unusual variables because 
ÔÖÚÛɯÖÍɯ ÛÏÌÔɯÊÈÕɯÉÌɯ ÙÌËÜÊÌËɯ ÛÖɯ ÓÐÕÌÈÙɯ ÐÕŘÜÌÕÊÌÚɯ
of the glass components or component products 
within the concentration ranges studied. Unusual 
or complicated variables should be used only if they 
ÙÌËÜÊÌɯÛÏÌɯÕÜÔÉÌÙɯÖÍɯÝÈÙÐÈÉÓÌÚɯÚÐÎÕÐŗÊÈÕÛÓàȮɯÐÔ×ÙÖÝÌɯ
ÛÏÌɯÔÖËÌÓɯŗÛȮɯÖÙɯÐÍɯÛÏÌÙÌɯÈÙÌɯÖÛÏÌÙɯÙÌÈÚÖÕÚɯÛÖɯÌÝÈÓÜÈÛÌɯ
their impacts.

In cases where various data series are combined, 
as seen in the example given in Table 1, (Labora-
tories A and B), it is possible that so-called “block 
ÌřÌÊÛÚɂɯÖÊÊÜÙȭɯ %ÖÙɯ ÌßÈÔ×ÓÌȮɯ ÐÛɯÔÐÎÏÛɯÏÈ××ÌÕɯ ÛÏÈÛɯ
experimental results produced in one laboratory 
ȹÖÙɯ ÚÛÜËàȺɯ ÈÙÌɯ ÚàÚÛÌÔÈÛÐÊÈÓÓàɯËÐřÌÙÌÕÛɯ ÍÙÖÔɯ ÛÏÖÚÌɯ
produced in another laboratory (or study). This 
ÊÖÜÓËɯÉÌɯÊÈÜÚÌËɯÉàɯÈɯËÐřÌÙÌÕÛɯÊÈÓÐÉÙÈÛÐÖÕɯ×ÙÖÊÌËÜÙÌɯ
ÖÙɯÉàɯËÐřÌÙÌÕÛɯ Ìß×ÌÙÛÐÚÌȭɯ (Ûɯ ÈÓÚÖɯÔÐÎÏÛɯÉÌɯ×ÖÚÚÐÉÓÌɯ
that a newly introduced measurement technique 
results in systematically different findings than 
previously established techniques. In the begin-
ning of the statistical analysis procedure, it is best 
ÛÖɯÈÚÚÜÔÌɯÛÏÈÛɯÉÓÖÊÒɯÌřÌÊÛÚɯÔÐÎÏÛɯÉÌɯ×ÙÌÚÌÕÛɯÐÕɯall 
cases; even so, it could turn out later that most of 

them do not exist in fact. This means the creation of 
“categorical” or “dummy” variables(3,4,7) in Equations 
ȹƕȺɯÖÙɯȹƛȺȭɯ(ÕɯÎÓÈÚÚɯ×ÙÖ×ÌÙÛàɯÔÖËÌÓÓÐÕÎȮɯÉÓÖÊÒɯÌřÌÊÛÚɯ
should only be introduced into the calculation with 
the ÍÖÙÞÈÙËɯÚÌÓÌÊÛÐÖÕ approach (see below in section 
“Step 6: Calculation of the model standard error, the 
ÊÖÌŚÊÐÌÕÛɯÌÙÙÖÙÚɯÈÕËɯÚÐÎÕÐŗÊÈÕÊÌɂȺȭɯ ÓÓɯÉÓÖÊÒɯÌřÌÊÛÚɯ
must be excluded from the model initially and only 
ÊÖÕÚÐËÌÙÌËɯÐÍɯÚÐÎÕÐŗÊÈÕÛɯÈÕËɯÙÌÈÚÖÕÈÉÓÌȭ

Property observed=Equation (7)+ϕȹÖřÚÌÛȺ	 ȹƜȺ

Property observed=Equation (7) 
	 +Property observed×ϕ(trend)	
		  (9)

As a result, it would be required to add further 
columns to the regression dataset in Table 1, accord-
ing to the number of data series examined. Following 
Equation (8), these columns would contain the value 
of “1” for each experiment within the series, and the 
value of “0” for each experiment of other series (see 
Table 2). Following Equation (9), the “1” would be 
replaced by the property value itself.

If only two data series are examined and block 
ÌřÌÊÛÚɯÖÊÊÜÙȮɯÐÛɯÐÚɯÕÖÛɯ×ÖÚÚÐÉÓÌɯÛÖɯËÌÊÐËÌɯÞÏÐÊÏɯÖÕÌɯ
of the data series should be given the block variable 
(see example in Ref. 20). Further knowledge may 
help one to decide.

Equation (9) should be applied with caution, and 
only if measurement trends are reasonable based on 
ÒÕÖÞÓÌËÎÌɯÖÍɯÛÏÌɯÚÜÉÑÌÊÛɯÔÈŲÌÙɯÈÕËɯÐÍɯÚÌÝÌÙÈÓɯÖÛÏÌÙɯ
data series without a measurement trend including 
a high number of experiments exist. If Equation (9) 
is used for most experiments, the result would be a 
×ÌÙÍÌÊÛɯŗÛɯÞÐÛÏɯÈɯÛÙÌÕËɯÊÖÌŚÊÐÌÕÛɯÖÍɯƕȮɯÌÝÌÕɯÐÍɯÈÓÓɯÛÏÌɯ
Ìß×ÌÙÐÔÌÕÛÈÓɯŗÕËÐÕÎÚɯÞÌÙÌɯ ÚÌÙÐÖÜÚÓàɯ ÐÕÊÖÙÙÌÊÛȭɯ ɯ
trend according to Equation (9) can be converted to 
ÈÕɯÖřÚÌÛɯÈÊÊÖÙËÐÕÎɯÛÖɯ$ØÜÈÛÐÖÕɯȹƜȺɯÛÏÙÖÜÎÏɯÓÖÎÈÙÐÛÏ-
mic normalisation described in the previous section 
Ɂ2ÛÌ×ɯƖȯɯ"ÈÓÊÜÓÈÛÐÖÕɯÖÍɯ×ÙÖ×ÌÙÛàɯŗß×ÖÐÕÛÚɯÈÕËɯÌÙÙÖÙɯ
normalisation”.

Step 4: Correlation analysis

6ÏÌÕɯÜÚÐÕÎɯÔÜÓÛÐ×ÓÌɯÙÌÎÙÌÚÚÐÖÕȮɯÐÛɯÐÚɯÈÓÞÈàÚɯÐÔ×ÖÙ-
tant to evaluate possible factor correlations at the 
beginning. The linear correlation matrix is made up 
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Table 1. Example glass composition–property data for 
statistical analysis
	 Compositions in %			   Property
	 A	 B	 C	 D	 E	
+ÈÉÖÙÈÛÖÙàɯƕ	 ƜƜ	   ƕ	   Ɣ	 ƕ	 ƕƔ	 ƚƝɇƘ	
	 ƛƜ	   Ɨ	   Ɨ	 Ɯ	   Ɯ	 ƕƙɇƜ
	 ƛƗ	   ƙ	   ƛ	 Ɲ	   ƚ	 ƕƜɇƚ
	 ƛƚ	   ƛ	   Ɯ	 ƙ	   Ƙ	 ƗƔɇƜ
	 ƜƜ	   Ɲ	   Ɣ	 Ɨ	   Ɣ	 Ɩƙɇƛ
+ÈÉÖÙÈÛÖÙàɯƖ	 ƛƙ	   Ɩ	 ƕƔ	 Ƙ	   Ɲ	 ƛƕɇƕ
	 ƛƛ	   Ƙ	   ƛ	 ƙ	   ƛ	 ƚƖɇƙ
	 ƜƘ	   ƚ	   ƕ	 Ƙ	   ƙ	 ƙƗɇƗ
	 ƜƗ	   Ɯ	   Ɩ	 ƙ	   Ɩ	 ƚƘɇƕ
	 ƛƘ	 ƕƔ	   Ɲ	 ƛ	   Ɣ	 ƝƗɇƘ

3ÈÉÓÌɯƖȭɯ ÕÈÓàÚÐÚɯÖÍɯÉÓÖÊÒɯÌřÌÊÛÚ
2ÌÙÐÌÚ	 "ÏÌÔÐÊÈÓɯ"ÖÔ×ÖÚÐÛÐÖÕ	 .řÚÌÛɯ5ÈÙÐÈÉÓÌ	 /ÙÖ×ÌÙÛà
Laboratory A	 …	 …	 …	 1	 P1
Laboratory A	 …	 …	 …	 1	 P2
Laboratory A	 …	 …	 …	 1	 P3
Laboratory A	 …	 …	 …	 1	 P4
Laboratory A	 …	 …	 …	 1	 P5
Laboratory B	 …	 …	 …	 0	 P6
Laboratory B	 …	 …	 …	 0	 P7
Laboratory B	 …	 …	 …	 0	 P8
Laboratory B	 …	 …	 …	 0	 P9
…	 …	 …	 …	 0	 …
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ÖÍɯ ÛÏÌɯ ÚÐÔ×ÓÌȮɯÖÙɯ ÛÞÖɯÞÈàȮɯ ÊÖÙÙÌÓÈÛÐÖÕɯ ÊÖÌŚÊÐÌÕÛÚȭɯɯ
3ÏÌàɯÈÙÌɯËÌÕÖÛÌËɯÉàɯÛÏÌɯÓÌŲÌÙɯɁr” and have a range 
ÖÍɯǸƕǾrǾǶƕɯȹ/ÌÈÙÚÖÕɀÚɯɁrɂȺȭɯ3ÏÌɯÊÖÙÙÌÓÈÛÐÖÕɯÊÖÌŚÊÐÌÕÛɯ
for two factors (variables) is a measurement of the 
linear relationship between the two factors. If r is 
close to 1 then a plot of the two factors against one 
another would look like a straight line with positive 
slope. If rɯÐÚɯÊÓÖÚÌɯÛÖɯǸƕɯÛÏÌÕɯÛÏÌɯ×ÓÖÛɯÖÍɯÛÏÌɯÛÞÖɯÍÈÊ-
tors against one another would look like a straight 
line with a negative slope.  If r is close to zero then 
a plot of the two factors would have no discernible 
linear trend.

For selecting the appropriate model variables, 
ÊÖÙÙÌÓÈÛÐÖÕÚɯ ÉÌÛÞÌÌÕɯ ÊÏÈÕÎÌÚɯ ÐÕɯ ÛÏÌɯ ÊÖÔ×ÖÕÌÕÛÚɀɯ
concentrations and/or their interactions (concentra-
tion cross products) have to be considered if the data 
were not collected using a statistical design that is 
“orthogonal” (not correlated) for all of the factors 
of interest. If the absolute value of r is larger than 
È××ÙÖßÐÔÈÛÌÓàɯƔɇƙɯÛÖɯƔɇƚȮɯÛÏÌÕɯÛÏÌɯÐÕŘÜÌÕÊÌÚɯÖÍɯÛÏÌɯ
two considered factors are “partially correlated” (i.e. 
linked but not completely aliased) and may be dif-
ŗÊÜÓÛɯÛÖɯÚÌ×ÈÙÈÛÌȭɯ(ÍɯÛÏÌɯÈÉÚÖÓÜÛÌɯÝÈÓÜÌɯÖÍɯr is larger 
ÛÏÈÕɯÈ××ÙÖßÐÔÈÛÌÓàɯ ƔɇƜɯ ÛÖɯ ƔɇƝȮɯ ÛÏÌÕɯ ÛÏÌɯ ÐÕŘÜÌÕÊÌÚɯ
are correlated so strongly that they are likely not to 
be separated in most cases, and one of three actions 
should be taken: (1) the factors should be combined, 
(2) one factor should be excluded, (3) additional 
experimental data should be used to lower the cor-
relation. The value of r can be calculated using 

r
xy x y n

x x n y y n

/

/ /
/

2 2 2 2 1 2 	 (10)

where n is the number of experimental datapoints 
and x and y the variables that need to be tested for 
correlation.
 ɯÊÖÙÙÌÓÈÛÐÖÕɯÐÚɯÊÖÕÚÐËÌÙÌËɯÚÛÈÛÐÚÛÐÊÈÓÓàɯÚÐÎÕÐŗÊÈÕÛɯ

if 
t r n r.

/ /
/DF 2 11 2 2 1 2

where tϔȮ#% is the t-distribution value depending on 
ÛÏÌɯÊÖÕŗËÌÕÊÌɯ ÓÌÝÌÓɯϔɯÈÕËɯÛÏÌɯËÌÎÙÌÌÚɯÖÍɯ ÍÙÌÌËÖÔɯ
DF with DF=ÕǸ2. Squared or cubic component 
ÐÕŘÜÌÕÊÌÚɯÈÙÌɯÖŜÌÕɯÚÛÙÖÕÎÓàɯÊÖÙÙÌÓÈÛÌËɯ ÛÖɯ ÛÏÌɯÊÖÙ-
ÙÌÚ×ÖÕËÐÕÎɯÓÐÕÌÈÙɯÐÕŘÜÌÕÊÌÚȭɯ3ÖɯÍÖÓÓÖÞɯÛÏÌɯÚàÚÛÌÔɯÖÍɯ
factor hierarchy (see below in this section), squared 
ÈÕËɯ ÊÜÉÐÊɯ ÛÌÙÔÚɯ ÚÏÖÜÓËɯ ÖÕÓàɯ ÉÌɯ ÊÖÕÚÐËÌÙÌËɯ ÈŜÌÙɯ
ÈÕÈÓàÚÐÕÎɯÚÐÔ×ÓÌÙɯÛÌÙÔÚɯȹÓÐÕÌÈÙɯÌřÌÊÛÚɯÈÕËɯƖɪÍÈÊÛÖÙɯ
interactions), and if the component concentrations 
vary widely.

If several data series with various glass composi-
ÛÐÖÕÚɯÕÌÌËɯ ÛÖɯ ÉÌɯ ÈÕÈÓàÚÌËȮɯ ÚàÚÛÌÔÈÛÐÊɯËÐřÌÙÌÕÊÌÚɯ
between the chemical compositions of the series can 
ÉÌɯËÌÛÌÊÛÌËɯÉàɯÈÕÈÓàÚÐÕÎɯÛÏÌɯÊÖÙÙÌÓÈÛÐÖÕɯÊÖÌŚÊÐÌÕÛÚɯ
ÉÌÛÞÌÌÕɯÉÓÖÊÒɯ ÌřÌÊÛɯÝÈÙÐÈÉÓÌÚɯ ȹ3ÈÉÓÌɯ ƖȺɯ ÈÕËɯÎÓÈÚÚɯ
components.

The correlation matrix of the compositions given 
in Table 1 is displayed in Table 3, where the main 
component A (usually silica) is excluded according 
to the slack variable approach explained above.

It can be concluded from Table 3 that the compo-
nents B and E are very strongly correlated in such a 
way that E usually decreases as B increases. There-
ÍÖÙÌȮɯÐÛɯÐÚɯËÐŚÊÜÓÛɯÛÖɯËÌÊÐËÌɯÐÍɯ×ÙÖ×ÌÙÛàɯÊÏÈÕÎÌÚɯÔÈàɯ
be caused by component B or E, and consequently 
either B or E should be excluded from the calculation, 
or both may be added to form a new variable. If B and 
E have a similar chemical nature, like Na2O and K2O 
or MgO and CaO, the terms should be added.
(ÕɯÔÖÚÛɯÊÈÚÌÚȮɯÐÛɯÐÚɯÚÜŚÊÐÌÕÛɯÛÖɯËÌÓÌÛÌɯÛÏÌɯÝÈÙÐÈÉÓÌɯ

from the model of the lower hierarchy (see below) 
or the variable that is less represented, i.e. the one 
ÛÏÈÛɯÖÊÊÜÙÚɯ ÓÌÚÚɯÖŜÌÕɯÈÛɯ ÓÖÞÌÙɯ ÊÖÕÊÌÕÛÙÈÛÐÖÕÚɯ ÈÕËɯ
ÞÐÛÏɯÓÐŲÓÌɯÊÖÕÊÌÕÛÙÈÛÐÖÕɯÝÈÙÐÈÛÐÖÕȭɖɯ3ÏÌÙÌÍÖÙÌȮɯÐÕɯÛÏÌɯ
example based on Table 1, the component E will be 
excluded from further calculations.

Even after excluding the glass component E, 
some weaker correlations remain in Table 3, e.g. 
r("Ǹ#ȺǻƔɇƘƛƖȭɯ3ÏÐÚɯÈÕËɯÚÐÔÐÓÈÙɯÌřÌÊÛÚɯÈÓÞÈàÚɯÕÌÌËɯ
to be considered when model results are interpreted, 
such as when the components C and D are not 
completely statistically independent. Therefore, it is 
preferable to interpret model predictions rather than 
ÐÕËÐÝÐËÜÈÓɯÊÖÌŚÊÐÌÕÛÚȭ

For models including high order terms, the factor 
hierarchy should be considered. This principle implies 
that higher order terms such as B.C.D or B2 may only 
ÉÌɯÐÕÛÙÖËÜÊÌËɯÐÍɯÛÏÌɯÚÐÎÕÐŗÊÈÕÊÌɯȹÚÌÌɯÉÌÓÖÞȮɯÚÌÊÛÐÖÕɯ
“Step 6: Calculation of the model standard error, the 
ÊÖÌŚÊÐÌÕÛɯÌÙÙÖÙÚɯÈÕËɯÚÐÎÕÐŗÊÈÕÊÌɂȺɯÖÍɯÈÓÓɯÛÏÌɯÙÌÓÈÛÌËɯ
ÓÖÞÌÙɯÖÙËÌÙɯÛÌÙÔÚɯÞÈÚɯÌÝÈÓÜÈÛÌËɯŗÙÚÛɯȹÌȭÎȭɯ!Ȯɯ"Ȯɯ#Ȯɯ
B.C, B.D, C.D). Low order terms are always preferred 
over corresponding high order terms in cases where 
they are partially correlated and significant (see 
below). Statistical modelling techniques follow the 
principle of simplicity (also called principle of parsimony 
or Occam’s razorȺȮɯÈɯÚÊÐÌÕÛÐŗÊɯÈ××ÙÖÈÊÏɯÛÏÈÛɯÈÊÊÌ×ÛÚɯÈÚɯ
correct the simplest of several possible interpretations 
of a phenomenon.

The system of factor hierarchy is not strictly man-
datory, however, if it does not make sense according 
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ɖɯ ɯÎÓÈÚÚɯÊÖÔ×ÖÕÌÕÛɯÞÐÛÏɯÓÖÞɯÊÖÕÊÌÕÛÙÈÛÐÖÕɯÝÈÙÐÈÛÐÖÕɯÐÚɯÖÕÌɯÛÏÈÛɯÈÓÔÖÚÛɯ
always is present at a constant concentration level (its concentration 
hardly changes regardless of all other glass components).

3ÈÉÓÌɯƗȭɯ+ÐÕÌÈÙɯÊÖÙÙÌÓÈÛÐÖÕɯÔÈÛÙÐßȰɯɁ.řÚÌÛɯ+ƕɂɯÚÛÈÕËÚɯÍÖÙɯ
ÛÏÌɯÖřÚÌÛɯÖÙɯËÜÔÔàɯÝÈÙÐÈÉÓÌɯÍÖÙɯËÈÛÈɯÍÙÖÔɯ+ÈÉÖÙÈÛÖÙàɯƕ
	 !	 "	 #	 $	 .řÚÌÛɯ+ƕ
B	   1				  
"	   ƔɇƔƕƘ	   ƕ			 
#	   ƔɇƖƔƜ	   ƔɇƘƛƖ	   ƕ		
$	 Ǹ0·991	   ƔɇƔƙƔ	 ǸƔɇƕƘƙ	 ƕ	
.řÚÌÛɯ+ƕ	 ǸƔɇƕƛƘ	 ǸƔɇƖƝƜ	   ƔɇƔƘƘ	 ƔɇƕƘƜ	 ƕ
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to previous experience in the field it is possible 
in the glasses studied that a component shows a 
ÚÛÙÖÕÎɯÐÕŘÜÌÕÊÌɯÖÕÓàɯÐÕɯÊÖÔÉÐÕÈÛÐÖÕɯÞÐÛÏɯÈÕÖÛÏÌÙɯ
ÊÖÔ×ÖÕÌÕÛȮɯÞÐÛÏÖÜÛɯ ÐÕŘÜÌÕÊÐÕÎɯ ÛÏÌɯ×ÙÖ×ÌÙÛàɯ Éàɯ
ÐÛÚÌÓÍɯÚÐÎÕÐŗÊÈÕÛÓàȭɯ%ÖÙɯÌßÈÔ×ÓÌȮɯ!2O3 does not have a 
ÚÛÙÖÕÎɯÌřÌÊÛɯÖÕɯÛÏÌɯÝÐÚÊÖÚÐÛàɯÐÕɯÉÖÙÖÚÐÓÐÊÈÛÌɯÎÓÈÚÚÌÚɯÐÕɯ
the transition range, however, the B2O3.Na2O interac-
tion greatly increases the viscosity.(77)

Step 5: Determination of the model coef�cients

 ŜÌÙɯÌßÊÓÜËÐÕÎɯ ÛÏÌɯÔÈÐÕɯÊÖÔ×ÖÕÌÕÛɯ ɯ ȹÍÖÓÓÖÞÐÕÎɯ
the slack variable technique) and the component E 
(because of correlation) from Table 1, it is necessary 
to analyse the remaining data in Table 4.

The factor matrix X and the property matrix Y may 
ÉÌɯËÌŗÕÌËɯÈÚɯÚÌÌÕɯÐÕɯ3ÈÉÓÌɯƙȭɯ(ÍɯÕÖɯÐÕÛÌÙÊÌ×ÛɯÞÖÜÓËɯ
ÉÌɯÐÕÊÓÜËÌËȮɯÛÏÌɯŗÙÚÛɯÊÖÓÜÔÕɯÞÖÜÓËɯÊÖÕÛÈÐÕɯÛÏÌɯÔÈÐÕɯ
component A instead.

Given a linear regression model, the coÌŚÊÐÌÕÛɯ
matrix CO can be estimated using the ordinary least 
square (OLS) method according to Equation (12).(79) 
The symbol “T” stands for the matrix transpose 
operation, “Ǹƕ” indicates matrix inversion, and the 
sign “.” means the scalar product. The term (XT.X)–1 
is the ÐÕÝÌÙÚÌɯÐÕÍÖÙÔÈÛÐÖÕɯÔÈÛÙÐß. Multiplied by S2 (see 
Equation (13) below) it is called a ÝÈÙÐÈÕÊÌɬÊÖÝÈÙÐÈÕÊÌɯ
matrix because it contains variable variances (square 
of standard deviations) of all the model variables as 
its diagonal elements (printed bold in Table 6), and 

covariances in all other matrix positions.

CO=(XT.X)–1.XT.Y	 (12)

From the factor matrix X in Table 6, the inverse 
information matrix (XT.X)Ǹƕ should be determined 
ŗÙÚÛȭɯ3ÈÉÓÌɯ ƚɯÎÐÝÌÚɯ ÛÏÌɯ ÐÕÝÌÙÚÌɯ ÐÕÍÖÙÔÈÛÐÖÕɯÔÈÛÙÐßɯ
that is obtained in this case.
3ÏÌɯ ÊÖÌŚÊÐÌÕÛɯÔÈÛÙÐßɯCO, determined from X 

and Y can be seen in Table 6. Hence the preliminary 
model would be

/ÙÖ×ÌÙÛàǻƜƕɇƙƛƘƗǶƔɇƗƔƝƚ!ǶƕɇƛƝƝƛ"ǸƘɇƝƝƜƕ# 
	 ǸƗƕɇƙƙƕƘɯ.řÚÌÛɯÍÖÙɯËÈÛÈɯÍÙÖÔɯ+ÈÉÖÙÈÛÖÙàɯƕ

Step 6: Calculation of the model standard 
error, the coef�cient errors and signi�cance

The model standard error S can be derived from the 
model residualsɯȈɯÈÕËɯÛÏÌɯdegrees of freedom DF. The 
model residuals are the differences between the 
experimentally observed and the calculated property 
values. Given the example in Table 1 and the model 
in Table 7, Table 8 displays the residuals. (This and 
ÛÏÌɯÍÖÓÓÖÞÐÕÎɯÛÈÉÓÌÚɯÊÖÕÛÈÐÕɯÔÖÙÌɯÚÐÎÕÐŗÊÈÕÛɯŗÎÜÙÌÚɯ
than necessary to supply an example that can be 
worked through and checked to see if exactly the 
same answers are obtained.)
3ÏÌɯËÌÎÙÌÌÚɯÖÍɯÍÙÌÌËÖÔɯ#%ɯÐÚɯÛÏÌɯËÐřÌÙÌÕÊÌɯÉÌÛÞÌÌÕɯ
the number of independent experimental datapoints 
and the number of variables including the intercept. 
For the example in Table 1 the number of experi-
mental datapoints is 10, and the number of variables 
including the intercept is 5, i.e. DF=5. The model 
standard error S (also called “root mean square error”) 
can now be calculated using Equation (13)

SǻȻ͓ȹȈ2)/DF]1/2	 (13)

The model standard error S should be larger than 
the standard deviation of repeated measurements; 
ÖÛÏÌÙÞÐÚÌȮɯÛÏÌɯÔÖËÌÓɯÐÚɯɁÖÝÌÙɯŗŲÌËɂɯȹÈÕɯÜÕÙÌÈÓÐÚÛÐ-
ÊÈÓÓàɯÎÖÖËɯŗÛɯÐÚɯÖÉÛÈÐÕÌËȺȭɯ(ÕɯÈËËÐÛÐÖÕȮɯS should not 
ÉÌɯ ÚÐÎÕÐŗÊÈÕÛÓàɯ ÓÈÙÎÌÙɯ ȹÈÉÖÜÛɯ ƕɇƛɯ ÛÐÔÌÚȺɯ ÛÏÈÕɯ ÛÏÌɯ
standard deviation of repeated experiments from 
ÚÌÝÌÙÈÓɯÐÕÝÌÚÛÐÎÈÛÖÙÚɯȹɁÜÕËÌÙɯŗŲÐÕÎɂȺȭɯ Õɯ%ɪÛÌÚÛɯÊÈÕɯ
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Table 4. Example glass composition–property data for 
ÚÛÈÛÐÚÛÐÊÈÓɯÈÕÈÓàÚÐÚɯÍÖÓÓÖÞÐÕÎɯÛÏÌɯÚÓÈÊÒɯÝÈÙÐÈÉÓÌɯÛÌÊÏÕÐØÜÌɯ
ÈŜÌÙɯÊÖÙÙÌÓÈÛÐÖÕɯÈÕÈÓàÚÐÚ
"ÖÔ×ÖÚÐÛÐÖÕÚɯÐÕɯǔ		 .řÚÌÛ	 /ÙÖ×ÌÙÛà
!	 "	 #	 +ƕ	
  ƕ	   Ɣ	 ƕ	 ƕ	 ƚƝɇƘ
  Ɨ	   Ɨ	 Ɯ	 ƕ	 ƕƙɇƜ
  ƙ	   ƛ	 Ɲ	 ƕ	 ƕƜɇƚ
  ƛ	   Ɯ	 ƙ	 ƕ	 ƗƔɇƜ
  Ɲ	   Ɣ	 Ɨ	 ƕ	 Ɩƙɇƛ
  Ɩ	 ƕƔ	 Ƙ	 Ɣ	 ƛƕɇƕ
  Ƙ	   ƛ	 ƙ	 Ɣ	 ƚƖɇƙ
  ƚ	   ƕ	 Ƙ	 Ɣ	 ƙƗɇƗ
  Ɯ	   Ɩ	 ƙ	 Ɣ	 ƚƘɇƕ
ƕƔ	   Ɲ	 ƛ	 Ɣ	 ƝƗɇƘ

Table 5. Example factor and property matrices
Factor matrix X				    Property matrix Y
(ÕÛÌÙÊÌ×Û	!	 "	 #	 .řÚÌÛɯ+ƕ	
ƕ	   ƕ	   Ɣ	 ƕ	 ƕ	 ƚƝɇƘ
ƕ	   Ɨ	   Ɨ	 Ɯ	 ƕ	 ƕƙɇƜ
ƕ	   ƙ	   ƛ	 Ɲ	 ƕ	 ƕƜɇƚ
ƕ	   ƛ	   Ɯ	 ƙ	 ƕ	 ƗƔɇƜ
ƕ	   Ɲ	   Ɣ	 Ɨ	 ƕ	 Ɩƙɇƛ
ƕ	   Ɩ	 ƕƔ	 Ƙ	 Ɣ	 ƛƕɇƕ
ƕ	   Ƙ	   ƛ	 ƙ	 Ɣ	 ƚƖɇƙ
ƕ	   ƚ	   ƕ	 Ƙ	 Ɣ	 ƙƗɇƗ
ƕ	   Ɯ	   Ɩ	 ƙ	 Ɣ	 ƚƘɇƕ
ƕ	 ƕƔ	   Ɲ	 ƛ	 Ɣ	 ƝƗɇƘ

3ÈÉÓÌɯƚȭɯ$ßÈÔ×ÓÌɯÐÕÝÌÙÚÌɯÐÕÍÖÙÔÈÛÐÖÕɯÔÈÛÙÐßɯȹXT.X)–1

	 (ÕÛÌÙÊÌ×Û	 !	 "	 #	 .řÚÌÛɯ+ƕ
Intercept	   1·05733	 ǸƔɇƔƚƚƜƘ	 ǸƔɇƔƗƔƜƚ	 ǸƔɇƔƙƙƘƚ	 ǸƔɇƗƖƗƚƘ
!	 ǸƔɇƔƚƚƜƘ	   0·01358	   ƔɇƔƔƖƖƘ	 ǸƔɇƔƔƙƙƖ	   ƔɇƔƕƝƚƔ
"	 ǸƔɇƔƗƔƜƚ	   ƔɇƔƔƖƖƘ	   0·01125	 ǸƔɇƔƔƝƙƛ	   ƔɇƔƖƜƝƕ
#	 ǸƔɇƔƙƙƘƚ	 ǸƔɇƔƔƙƙƖ	 ǸƔɇƔƔƝƙƛ	   0·02881	 ǸƔɇƔƗƖƗƗ
.řÚÌÛɯ+ƕ	 ǸƔɇƗƖƗƚƘ	   ƔɇƔƕƝƚƔ	   ƔɇƔƖƜƝƕ	 ǸƔɇƔƗƖƗƗ	   0·48966

3ÈÉÓÌɯƛȭɯ$ßÈÔ×ÓÌɯÔÖËÌÓɯÊÖÌŚÊÐÌÕÛÚ
(ÕÛÌÙÊÌ×Û	   ƜƕɇƙƛƘƗ
ϕB	     ƔɇƗƔƝƚ
ϕC	     ƕɇƛƝƝƛ
ϕD	   ǸƘɇƝƝƜƕ
.řÚÌÛɯ+ƕ	 ǸƗƕɇƙƙƕƘ
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be performed for quantitative evaluation of over/un-
ËÌÙɯŗŲÐÕÎȭ

The model standard error S derived from the 
ÙÌÚÐËÜÈÓÚɯÐÕɯ3ÈÉÓÌɯƜɯÈÕËɯÞÐÛÏɯŗÝÌɯËÌÎÙÌÌÚɯÖÍɯÍÙÌÌËÖÔɯ
ÐÚɯ ƕƝɇƘƘƙƗȭɯ ××ÙÖßÐÔÈÛÌÓàɯƚƜǔɯÖÍɯ ÈÓÓɯ ÙÌÚÐËÜÈÓÚɯ ÍÈÓÓɯ
within the limits of ±S. The standardised residual is the 
quotient of the residual and the model standard error 
ȹÛÏÌɯŗÙÚÛɯÚÛÈÕËÈÙËÐÚÌËɯÙÌÚÐËÜÈÓɯÐÕɯ3ÈÉÓÌɯƜɯÐÚɯƕɇƖƗƛƚȰɯ
ÛÏÌɯÚÌÊÖÕËɯÐÚɯɬƔɇƔƖƝƕȮɯÌÛÊ...).

The standard errors of the coefficients Sϕ are 
determined using

Sϕ=SCjj
1/2=ϕ/tϕ	 (14)

where Cjj are the diagonal elements (marked in bold) 
of the inverse information matrix (XT.X)–1 in Table 6. 
The elements Cjj are given in Table 9. The t-value is the 
ÙÈÛÐÖɯÖÍɯÛÏÌɯÊÖÌŚÊÐÌÕÛɯÈÕËɯÐÛÚɯÚÛÈÕËÈÙËɯÌÙÙÖÙȮɯÈÚɯÚÌÌÕɯ
ÐÕɯ$ØÜÈÛÐÖÕɯȹƕƘȺȭɯ3ÈÉÓÌɯƕƔɯÚÜÔÔÈÙÐÚÌÚɯÈÓÓɯÊÖÌŚÊÐÌÕÛÚȮɯ
including their errors and t-values.

The absolute value of the t-value (also called the 
t-statistic or t-ratioȺɯÐÚɯÈɯÔÌÈÚÜÙÌɯÖÍɯÈɯÊÖÌŚÊÐÌÕÛɯÉÌÐÕÎɯ
ÌØÜÈÓɯÛÖɯáÌÙÖȭɯ(ÛɯÐÚɯÈÕɯÐÕËÐÊÈÛÖÙɯÖÍɯÛÏÌɯÚÐÎÕÐŗÊÈÕÊÌɯÖÍɯÈɯ
model factor (variable, component concentration or 
concentration product (interaction factor)) in slack 
variable models. In other words, it is a measure of 
how much information a factor adds to the model. In 
general, a t-value with an absolute value greater than 
ÖÙɯÌØÜÈÓɯÛÖɯÛÞÖɯÐÚɯÊÖÕÚÐËÌÙÌËɯÛÖɯÉÌɯÚÐÎÕÐŗÊÈÕÛȮɯÞÐÛÏɯ
ÈɯÚÛÈÛÐÚÛÐÊÈÓɯÊÖÕŗËÌÕÊÌɯÓÌÝÌÓɯÖÍɯÈ××ÙÖßÐÔÈÛÌÓàɯƝƙǔȭɯ
ȹ3ÏÐÚɯÊÖÕŗËÌÕÊÌɯÓÌÝÌÓɯÈÛɯt=2 will change slightly with 
the degree of freedom, but it is at least 90% for DF>4.) 
,ÖÚÛɯÔÐÕÖÙɯÊÖÔ×ÖÕÌÕÛÚɯÈÙÌɯÐÕÚÐÎÕÐŗÊÈÕÛȮɯÐȭÌȭɯÛÏÌÐÙɯ
ÐÕŘÜÌÕÊÌɯ ÐÚɯ ÓÌÚÚɯ ÛÏÈÕɯ ÛÏÌɯ ÚÛÈÕËÈÙËɯÌÙÙÖÙɯ ȹɁÕÖÐÚÌɂȺȭɯ
If the t-value of a glass component indicates that its 
ÊÖÌŚÊÐÌÕÛɯ ÐÚɯ ÐÕÚÐÎÕÐŗÊÈÕÛȮɯ ÐÛɯ ÚÏÖÜÓËɯÉÌɯ ÊÖÕÊÓÜËÌËɯ
ÛÏÈÛɯÐÛÚɯÐÕŘÜÌÕÊÌɯÖÕɯÛÏÌɯ×ÙÖ×ÌÙÛàɯÉÌÐÕÎɯÔÖËÌÓÓÌËɯÐÚɯ
ÐÕÚÐÎÕÐŗÊÈÕÛɯÞÐÛÏÐÕɯÛÏÌɯÚÛÜËÐÌËɯÊÖÔ×ÖÚÐÛÐÖÕɯÙÈÕÎÌȭ

It must be noted that t-values may also be calcu-
lated and used for models that do not include an 
ÐÕÛÌÙÊÌ×ÛɯÍÖÓÓÖÞÐÕÎɯÛÏÌɯÊÈÕÖÕÐÊÈÓɯÈ××ÙÖÈÊÏɯÉàɯ2ÊÏÌřõɯ

as seen in Equation (5). The t-values are a measure of 
ÈɯÊÖÌŚÊÐÌÕÛɯÛÖɯÌØÜÈÓɯáÌÙÖɯÐÕɯÔÖËÌÓÚɯÞÐÛÏɯÈÕËɯÞÐÛÏÖÜÛɯ
intercept. However, it is demonstrated in a paper 
by Piepel(80) that it is not a meaningful hypothesis 
ÛÖɯÈÚÚÜÔÌɯ ÛÏÈÛɯÈɯ ÊÖÌŚÊÐÌÕÛɯ ÌØÜÈÓÚɯáÌÙÖɯ ÐÕɯÔÖËÌÓÚɯ
without intercept. An alternative component slope 
mixture model is presented in Ref. 80. For practical 
application it is advised in this work to always use 
tɪÝÈÓÜÌÚɯÍÖÙɯÌÝÈÓÜÈÛÐÕÎɯÛÏÌɯ×ÙÖÉÈÉÐÓÐÛàɯÍÖÙɯÈɯÊÖÌŚÊÐÌÕÛɯ
to equal zero for all model forms, with appropriate 
interpretation of the meaning of the t-values in mod-
els ÞÐÛÏÖÜÛ intercept.
 ÕÖÛÏÌÙɯÞÈàɯÖÍɯÓÖÖÒÐÕÎɯÈÛɯÈɯÊÖÌŚÊÐÌÕÛɯÚÐÎÕÐŗÊÈÕÊÌɯ

is possible through consideration of p-values. A p-
ÝÈÓÜÌɯ ÙÌŘÌÊÛÚɯ ÛÏÌɯ×ÙÖÉÈÉÐÓÐÛàɯÖÍɯÈɯ ÊÖÌŚÊÐÌÕÛɯÉÌÐÕÎɯ
equal to zero, derived from the t-value and the degree 
of freedom, and is generally based on normal error 
distribution. The pɪÝÈÓÜÌɯÚÏÖÜÓËɯÉÌɯÓÖÞÌÙɯÛÏÈÕɯƔɇƔƙɯ
ÍÖÙɯÈɯƝƙǔɯÊÖÕŗËÌÕÊÌɯÓÌÝÌÓȭ

A tɪÝÈÓÜÌɯÙÌŘÌÊÛÚɯÛÏÌɯÚÐÎÕÐŗÊÈÕÊÌɯÖÍɯÈɯÊÖÌŚÊÐÌÕÛɯ
within the model, but a special application might 
require a more strict limitation of the composition 
area than the model is valid for. The narrower the 
concentration range of a given component, the 
ÔÖÙÌɯ ÈÕËɯÔÖÙÌɯ Èɯ ÊÖÌŚÊÐÌÕÛɯ ÉÌÊÖÔÌÚɯ×ÙÈÊÛÐÊÈÓÓàɯ
ÐÕÚÐÎÕÐŗÊÈÕÛȭ

It is obvious in Table 10 that the errors of the coef-
ŗÊÐÌÕÛÚɯϕB,ɯϕC,ɯϕD are larger than their absolute values 
or of comparable size, and that the absolute values 
of their t-values are smaller than two. It is not pos-
sible with reasonable certainty to conclude whether 
ÛÏÌɯÎÓÈÚÚɯÊÖÔ×ÖÕÌÕÛÚɯ!Ȯɯ"ȮɯÈÕËɯ#ɯÏÈÝÌɯÈɯÚÐÎÕÐŗÊÈÕÛɯ
ÐÕŘÜÌÕÊÌɯÞÐÛÏÐÕɯ ÛÏÌɯÌßÈÔÐÕÌËɯÊÖÔ×ÖÚÐÛÐÖÕɯ ÙÈÕÎÌȭɯ
Consequently, the glass components B, C, and D may 
be excluded from further calculations (Table 11). This 
exclusion must be performed stepwise because based 
ÖÕɯÊÖÙÙÌÓÈÛÐÖÕÚɯÐÛɯÍÙÌØÜÌÕÛÓàɯÏÈ××ÌÕÚɯÛÏÈÛɯÈŜÌÙɯÌßÊÓÜ-
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Table 8. Example model residuals
Property
ÖÉÚÌÙÝÌË	 ÊÈÓÊÜÓÈÛÌË	 ÙÌÚÐËÜal
ƚƝɇƘ	 ƘƙɇƗƗƘƙ	   ƖƘɇƔƚƙƙ
ƕƙɇƜ	 ƕƚɇƗƚƚƗ	   ǸƔɇƙƚƚƗ
ƕƜɇƚ	 ƕƝɇƕƜƚƖ	   ǸƔɇƙƜƚƖ
ƗƔɇƜ	 ƘƕɇƙƝƛƙ	 ǸƕƔɇƛƝƛƙ
Ɩƙɇƛ	 ƗƛɇƜƕƙƙ	 ǸƕƖɇƕƕƙƙ
ƛƕɇƕ	 ƜƔɇƕƝƜƖ	   ǸƝɇƔƝƜƖ
ƚƖɇƙ	 ƛƔɇƘƖƔƗ	   ǸƛɇƝƖƔƗ
ƙƗɇƗ	 ƚƙɇƖƗƝƚ	 ǸƕƕɇƝƗƝƚ
ƚƘɇƕ	 ƚƖɇƚƚƔƙ	     ƕɇƘƗƝƙ
ƝƗɇƘ	 ƚƙɇƜƜƕƘ	   ƖƛɇƙƕƜƚ

Table 9. Example CjjɯÝÈÓÜÌÚɯÍÙÖÔɯ3ÈÉÓÌɯƚ
(ÕÛÌÙÊÌ×Û	 ƕɇƔƙƛƗƗ
ϕB	 ƔɇƔƕƗƙƜ
ϕC	 ƔɇƔƕƕƖƙ
ϕD	 ƔɇƔƖƜƜƕ
.řÚÌÛɯ+ƕ	 ƔɇƘƜƝƚƚ

3ÈÉÓÌɯƕƔȭɯ$ßÈÔ×ÓÌɯÔÖËÌÓɯÊÖÌŚÊÐÌÕÛÚȮɯÊÖÌŚÊÐÌÕÛɯÚÛÈÕËÈÙËɯ
ÌÙÙÖÙÚȮɯÈÕËɯÛɪÝÈÓÜÌÚ
5ÈÙÐÈÉÓÌ	 "ÖÌŚÊÐÌÕÛ	 2ϕ	 tϕ
(ÕÛÌÙÊÌ×Û	   ƜƕɇƙƛƘƗ	 ƕƝɇƝƝƘƝ	   ƘɇƔƛƝƜ
ϕB	     ƔɇƗƔƝƚ	   ƖɇƖƚƙƝ	   ƔɇƕƗƚƛ
ϕC	     ƕɇƛƝƝƛ	   ƖɇƔƚƖƜ	   ƔɇƜƛƖƙ
ϕD	   ǸƘɇƝƝƜƕ	   ƗɇƗƔƔƜ	 ǸƕɇƙƕƘƖ
.řÚÌÛɯ+ƕ	 ǸƗƕɇƙƙƕƘ	 ƕƗɇƚƔƛƔ	 ǸƖɇƗƕƜƜ

3ÈÉÓÌɯ ƕƕȭɯ$ßÈÔ×ÓÌɯ ÍÈÊÛÖÙɯÔÈÛÙÐßȮɯ ÈŜÌÙɯ ÌßÊÓÜÚÐÖÕɯ ÖÍɯ ÛÏÌɯ
ÊÖÔ×ÖÕÌÕÛÚɯ!Ȯɯ"ȮɯÈÕËɯ#
(ÕÛÌÙÊÌ×Û	 .řÚÌÛɯ+ƕ
1	 1
1	 1
1	 1
1	 1
1	 1
1	 0
1	 0
1	 0
1	 0
1	 0



Glass Technology: European Journal of Glass Science and Technology Part A  Volume 50  Number 1  February 2009 11

ÚÐÖÕɯÖÍɯÖÕÌɯÐÕÚÐÎÕÐŗÊÈÕÛɯÝÈÙÐÈÉÓÌɯÈÕÖÛÏÌÙɯ×ÙÌÝÐÖÜÚÓàɯ
ÐÕÚÐÎÕÐŗÊÈÕÛɯÖÕÌɯÉÌÊÖÔÌÚɯÚÐÎÕÐŗÊÈÕÛȭɯ(ÕɯÛÏÌɯÌßÈÔ×ÓÌɯ
described here this is not the case.

The exclusion of components B, C, and D in the 
given example is called ÚÛÌ×ÞÐÚÌɯÉÈÊÒÞÈÙËɯÌÓÐÔÐÕÈÛÐÖÕ, 
as initially all possible variables were included in 
ÛÏÌɯÔÖËÌÓȮɯÈÕËɯÛÏÌɯÐÕÚÐÎÕÐŗÊÈÕÛɯÖÕÌÚɯÞÌÙÌɯÌßÊÓÜËÌËɯ
stepwise. The opposite approach would be ÚÛÌ×ÞÐÚÌ 
ÍÖÙÞÈÙËɯÚÌÓÌÊÛÐÖÕȮɯÐȭÌȭɯÛÏÌɯÔÖÚÛɯÚÐÎÕÐŗÊÈÕÛɯÝÈÙÐÈÉÓÌɯÐÚɯ
ÐÕÊÓÜËÌËɯŗÙÚÛɯ ÐÕɯ ÛÏÌɯÔÖËÌÓȮɯ ÍÖÓÓÖÞÌËɯÉàɯ ÛÏÌɯÕÌßÛɯ
ÚÐÎÕÐŗÊÈÕÛɯÖÕÌȮɯÜÕÛÐÓɯÕÖɯÍÜÙÛÏÌÙɯÚÐÎÕÐŗÊÈÕÛɯÝÈÙÐÈÉÓÌÚɯ
can be found. During stepwise backward elimination 
and forward selection the factor hierarchy described 
above in the section “Step 4: Correlation analysis” 
should be taken into account.

For analysing large glass databases it is recom-
mended to proceed stepwise as follows: (1) selection 
ÖÍɯ ÈÓÓɯ ÚÐÎÕÐŗÊÈÕÛɯ ÚÐÕÎÓÌɯÎÓÈÚÚɯ ÊÖÔ×ÖÕÌÕÛÚɯ ÛÏÙÖÜÎÏɯ
backward elimination; (2) selection of the most sig-
ÕÐŗÊÈÕÛɯÈÕËɯÚÊÐÌÕÛÐŗÊɯÙÌÈÚÖÕÈÉÓÌɯÛÞÖɪÊÖÔ×ÖÕÌÕÛɯÐÕ-
ÛÌÙÈÊÛÐÖÕɯÍÈÊÛÖÙÚɯȹÉÖÙÖÕɯÈÕÖÔÈÓàȮɯÔÐßÌËɯÈÓÒÈÓÐɯÌřÌÊÛȺɯ
through forward selection; (3) analysis of systematic 
ÖřÚÌÛÚɯÐÕɯÞÏÖÓÌɯËÈÛÈɯÚÌÙÐÌÚɯÍÙÖÔɯÚÌÓÌÊÛÌËɯÓÈÉÖÙÈÛÖÙÐÌÚɯ
and if necessary exclusion of those series that are 
incomparable with the majority of all other series;(81,82) 
(4) stepwise deletion of outliers and simultaneous 
selection/elimination of variables according to their 
ÚÐÎÕÐŗÊÈÕÊÌɯ ÈÕËɯ ÚÊÐÌÕÛÐŗÊɯ ÙÌÈÚÖÕɯÜÕÛÐÓɯ ÕÖɯ ÍÜÙÛÏÌÙɯ
outlier can be found.
,ÖËÌÓÚɯ ÛÏÈÛɯ ÐÕÊÓÜËÌɯ ÐÕÚÐÎÕÐŗÊÈÕÛɯ ÝÈÙÐÈÉÓÌÚɯ ÈÙÌɯ

termed ÖÝÌÙɯŗŲÌËȮɯÈÕËɯÖŜÌÕɯÈÙÌɯÜÕÙÌÈÓÐÚÛÐÊÈÓÓàɯÞÌÓÓɯ
ŗŲÌËȭ

Next, it is necessary to repeat the procedure, 
beginning with Step 5 (determination of the model 
ÊÖÌŚÊÐÌÕÛÚȺȭɯ 3ÏÌɯ ÚÐáÌɯ ÖÍɯ ÛÏÌɯ ÐÕÝÌÙÚÌɯ ÐÕÍÖÙÔÈÛÐÖÕɯ
matrix decreases to 2×2 (Table 12).
3ÈÉÓÌɯ ƕƗɯ ÚÏÖÞÚɯ ÛÏÌɯÕÌÞɯÊÖÌŚÊÐÌÕÛÚȮɯ ÊÖÌŚÊÐÌÕÛɯ

standard errors, and t-values. The new model stand-
ard error SɯÐÚɯƕƜɇƚƜƝƗȮɯÞÏÐÊÏɯÐÚɯÐÕÚÐÎÕÐŗÊÈÕÛÓàɯÓÖÞÌÙɯ
ÛÏÈÕɯÛÏÌɯ×ÙÌÝÐÖÜÚɯÝÈÓÜÌɯÖÍɯƕƝɇƘƘƙƗȭɯ3ÈÉÓÌɯƕƘɯÎÐÝÌÚɯÛÏÌɯ
new model residuals.

Step 7: Outlier analysis, data leverage

From the residuals in Table 14, it can be concluded 
that some of them seem to stand out from others. It 
is possible that experimental or data entry problems 
caused a datapoint to show an anomalous response 
or that the composition is outside the range where 
ÛÏÌɯ ÓÐÕÌÈÙɯ È××ÙÖßÐÔÈÛÐÖÕɯÖÍɯ ÊÖÔ×ÖÕÌÕÛɯ ÌřÌÊÛÚɯ ÐÚɯ
ÝÈÓÐËȭɯ3ÏÌɯÓÈŲÌÙɯÊÈÕɯÉÌɯÊÏÌÊÒÌËɯÌÈÚÐÓàɯÉàɯÊÖÔ×ÈÙÐÕÎɯ

the compositions of the outliers to other glasses in 
two dimensions (see Figure 3), or through leverage 
analysis, described below in this section.

Regression analysis assumes that the residuals 
are normally distributed. Thus, a datapoint may be 
regarded as an outlier:(10)

(1)	 if the absolute of the residual is larger than about 
three times the model standard error (=absolute 
of standardised residual larger than about 
three),

ȹƖȺ	 ÐÍɯ ÛÏÌɯ ÓÈÙÎÌÚÛɯ ÙÌÚÐËÜÈÓɯ ÐÚɯÏÐÎÏÌÙɯ ÛÏÈÕɯÈÉÖÜÛɯƕɇƙɯ
times the next largest residual, or

(3)	 if the externally studentised* residual is higher than 
about three.

It is always possible to refer to the p-statistic (see 
above in the previous section, Step 6) to determine 
ÌßÈÊÛɯÊÙÐÛÐÊÈÓɯÖÜÛÓÐÌÙɯ ÓÐÔÐÛÚɯÜÚÐÕÎɯÛÏÌɯËÌÚÐÙÌËɯÊÖÕŗ-
ËÌÕÊÌɯÓÌÝÌÓɯÚÜÊÏɯÈÚɯƝƝɇƛǔȭɯ'ÖÞÌÝÌÙȮɯÐÕɯÔÖÚÛɯÊÈÚÌÚȮɯ
ÛÏÌɯÈ××ÙÖßÐÔÈÛÌɯÓÐÔÐÛÚɯÚÛÈÛÌËɯÏÌÙÌɯÈÙÌɯÚÜŚÊÐÌÕÛȭ

Understanding of the outlier conditions (1) and 
(2) can be derived from the explanations above. To 
clarify the meaning of the outlier condition (3), more 
details must be given about data leverage in statistical 
analysis.

The ÏɪÝÈÓÜÌ measures how much “leverage” a par-
ticular row of data could have on the resulting overall 
correlations.  It is also known as the Hat diagonal 
value, or diagonal value hi of the Hat-matrix H.  It is 
a measure of how good the experimental design is 
for all the variables in the model. In Figure 3 is a two-
dimensional example of a point with a high h-value. 
One glass composition with high h-value stands out 
from all other compositions. The Hat-matrix H and 

A. FLUEGEL STaTIsTICaL REGREssION MODELLING Of GLass PROPERTIEs – a TUTORIaL

3ÈÉÓÌɯƕƖȭɯ$ßÈÔ×ÓÌɯ ÐÕÝÌÙÚÌɯ ÐÕÍÖÙÔÈÛÐÖÕɯÔÈÛÙÐßɯ ȹXT·X)ǸƕȮɯ
ÈŜÌÙɯÌßÊÓÜÚÐÖÕɯÖÍɯÛÏÌɯÊÖÔ×ÖÕÌÕÛɯ!Ȯɯ"ȮɯÈÕËɯ#
	 (ÕÛÌÙÊÌ×Û	 .řÚÌÛɯ+ƕ
Intercept	   0·2	 ɬƔɇƖ
.řÚÌÛɯ+ƕ	 ɬƔɇƖ	   0·4

3ÈÉÓÌɯƕƗȭɯ$ßÈÔ×ÓÌɯÔÖËÌÓɯÊÖÌŚÊÐÌÕÛÚȮɯÊÖÌŚÊÐÌÕÛɯÚÛÈÕËÈÙËɯ
ÌÙÙÖÙÚȮɯÈÕËɯÛɪÝÈÓÜÌÚȮɯÈŜÌÙɯÌßÊÓÜÚÐÖÕɯÖÍɯÛÏÌɯÊÖÔ×ÖÕÌÕÛɯ!Ȯɯ
"ȮɯÈÕËɯ#
5ÈÙÐÈÉÓÌ	 "ÖÌŚÊÐÌÕÛ	 2ϕ	 tϕ
(ÕÛÌÙÊÌ×Û	   ƚƜɇƜƜƔƔ	   ƜɇƗƙƜƕƕ	   ƜɇƖƘƕƕ
.řÚÌÛɯ+ƕ	 ǸƗƚɇƜƖƔƔ	 ƕƕɇƜƖƔƖ	 ǸƗɇƕƕƙ

3ÈÉÓÌɯƕƘȭɯ$ßÈÔ×ÓÌɯÔÖËÌÓɯÙÌÚÐËÜÈÓÚȮɯÈŜÌÙɯÌßÊÓÜÚÐÖÕɯÖÍɯÛÏÌɯ
ÊÖÔ×ÖÕÌÕÛɯ!Ȯɯ"ȮɯÈÕËɯ#
Property
ÖÉÚÌÙÝÌË	 ÊÈÓÊÜÓÈÛÌË	 ÙÌÚÐËÜÈÓ
ƚƝɇƘ	 ƗƖɇƔƚƔƔ	   ƗƛɇƗƘƔƔ
ƕƙɇƜ	 ƗƖɇƔƚƔƔ	 ǸƕƚɇƖƚƔƔ
ƕƜɇƚ	 ƗƖɇƔƚƔƔ	 ǸƕƗɇƘƚƔƔ
ƗƔɇƜ	 ƗƖɇƔƚƔƔ	   ǸƕɇƖƚƔƔ
Ɩƙɇƛ	 ƗƖɇƔƚƔƔ	   ǸƚɇƗƚƔƔ
ƛƕɇƕ	 ƚƜɇƜƜƔƔ	     ƖɇƖƖƔƔ
ƚƖɇƙ	 ƚƜɇƜƜƔƔ	   ǸƚɇƗƜƔƔ
ƙƗɇƗ	 ƚƜɇƜƜƔƔ	 ǸƕƙɇƙƜƔƔ
ƚƘɇƕ	 ƚƜɇƜƜƔƔ	   ǸƘɇƛƜƔƔ
ƝƗɇƘ	 ƚƜɇƜƜƔƔ	   ƖƘɇƙƖƔƔ

ɖɯ3ÏÌɯÌß×ÙÌÚÚÐÖÕɯɆÚÛÜËÌÕÛÐÚÌËɆɯÐÚɯÕÖÛɯÈɯÛà×ÖÎÙÈ×ÏÐÊɯÌÙÙÖÙȰɯɆÚÛÜËÌÕÛÐÚÌËɆɯ
ÐÚɯËÐřÌÙÌÕÛɯÍÙÖÔɯɆÚÛÈÕËÈÙËÐÚÌËȭɆɯ3ÏÌɯÛÌÙÔɯÐÚɯÐÕɯÏÖÕÖÙɯÖÍɯÛÏÌɯ$ÕÎÓÐÚÏɯ
ÚÛÈÛÐÚÛÐÊÐÈÕɯ6ÐÓÓÐÈÔɯ2ÌÈÓÌàɯ&ÖÚÚÌÛɯȹƕƜƛƚɬƕƝƗƛȺɯÞÏÖɯ×ÜÉÓÐÚÏÌËɯÜÕËÌÙɯÛÏÌɯ
pseudonym "Student."
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the h-value hiɯÈÙÌɯËÌŗÕÌËɯÉà

H=X.(XT.X)-1XT

hi=xi
T.(XT.X)-1.xi	 (15)

Table 15 shows the example Hat-matrix determined 
from the factor matrix in Table 11. The h-values hi de-
rived from the factor matrix in Table 11, are marked in 
bold and underlined. In the example described here, 
all experiments have the same leverage by chance. 
Please note that the sum of all h-values is exactly two, 
the number of variables in the model, including the 
intercept. The rule-of-thumb is that a glass composi-
tion has a high amount of leverage when the h-value 
is higher than two times the quotient of the number 
of variables including the intercept, over the number 

of experimental datapoints.(83) In the example above, 
it would mean that experiments have a large leverage 
if hɯÐÚɯÏÐÎÏÌÙɯÛÏÈÕɯƖǺƖɤƕƔȮɯÐȭÌȭɯƔɇƘȭ

It is not recommended that a glass composition be 
deleted solely on the basis of its h-value.
6ÏÐÓÌɯÛÏÌɯÓÌÝÌÙÈÎÌɯÖÍɯÈɯÎÓÈÚÚɯÊÖÔ×ÖÚÐÛÐÖÕɯÖÕɯÛÏÌɯÖÝÌÙÈÓÓɯ

correlationsɯÐÚɯØÜÈÕÛÐŗÌËɯÉàɯÐÛÚɯh‑value, the ÓÌÝÌÙÈÎÌɯÖÍɯ
one experiment on the model resultɯȹÐȭÌȭɯÛÏÌɯÊÖÌŚÊÐÌÕÛÚȺɯ
is measured with the "ÖÖÒɯÝÈÓÜÌȮɯËÌŗÕÌËɯÐÕɯ$ØÜÈÛÐÖÕɯ
(16).(84,85) The Cook value compares the model result 
ȹÊÖÌŚÊÐÌÕÛÚȺɯÞÐÛÏɯ ÈÕËɯÞÐÛÏÖÜÛɯ ÌÈÊÏɯ Ìß×ÌÙÐÔÌÕÛȭɯ
Generally, an experiment with a Cook value larger 
than one has a high leverage. One should make sure 
that an experiment with a high Cook value is ac-
curate, e.g. a NIST (National Institute for Standards 
and Technology) or DGG (German Society of Glass 
Technology) glass property standard; otherwise, 
ÛÏÌɯÞÏÖÓÌɯÔÖËÌÓɯÔÐÎÏÛɯÚÜřÌÙɯÍÙÖÔɯÖÕÌɯÚÐÕÎÓÌɯÏÐÎÏɯ
leverage datapoint

Cooki
i i

i

2

2 21
h

pS h
	 (16)

where p is the number of model variables including 
the intercept (=2 in Table 13). Table 16 lists the Cook 
values of all experiments from the model in Tables 11 
ÛÖɯƕƘȭɯ3ÏÌɯŗÙÚÛɯÌß×ÌÙÐÔÌÕÛɯÏÈÚɯÈɯÔÜÊÏɯÏÐÎÏÌÙɯ"ÖÖÒɯ
ÝÈÓÜÌɯ ȹ"ÖÖÒǻƔɇƚƖƗƛȺɯ ÛÏÈÕɯ ÈÓÓɯ ÖÛÏÌÙÚȮɯ ÉÜÛɯÞÏÐÊÏɯ ÐÚɯ
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Table 15. Example Hat-matrix HȮɯËÌÙÐÝÌËɯÍÙÖÔɯ3ÈÉÓÌɯƕƕ
	 ƕ	 Ɩ	 Ɨ	 Ƙ	 ƙ	 ƚ	 ƛ	 Ɯ	 Ɲ	 ƕƔ
1	 0·2	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	   Ɣ
Ɩ	 ƔɇƖ	 0·2	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	   Ɣ
Ɨ	 ƔɇƖ	 ƔɇƖ	 0·2	 ƔɇƖ	 ƔɇƖ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	   Ɣ
Ƙ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 0·2	 ƔɇƖ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	   Ɣ
ƙ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 0·2	 0	 0	 0	 0	   0
6	 0	 0	 0	 0	 0	 0·2	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	   ƔɇƖ
ƛ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 ƔɇƖ	 0·2	 ƔɇƖ	 ƔɇƖ	   ƔɇƖ
Ɯ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 ƔɇƖ	 ƔɇƖ	 0·2	 ƔɇƖ	   ƔɇƖ
Ɲ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 0·2	   ƔɇƖ
10	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	 ƔɇƖ	   0·2

%ÐÎÜÙÌɯƗȭɯÏɪÝÈÓÜÌɯËÌÔÖÕÚÛÙÈÛÐÖÕ

3ÈÉÓÌɯƕƚȭɯ$ßÈÔ×ÓÌɯÔÖËÌÓɯÚÛÈÛÐÚÛÐÊÚȮɯÔÖËÌÓɯÍÙÖÔɯ3ÈÉÓÌɯƕƗ
/ÙÖ×ÌÙÛà		  1ÌÚÐËÜÈÓ	 Ï	 "ÖÖÒ	 /ÙÌÚÚ	 2i	 ES
ÖÉÚÌÙÝÌË	 ÊÈÓÊÜÓÈÛÌË	 Ȉ	 ÝÈÓÜÌ	 ÝÈÓÜÌ	 ÙÌÚÐËÜÈÓ		  ÙÌÚÐËÜÈÓ
ƚƝɇƘ	 ƗƖɇƔƚƔƔ	   ƗƛɇƗƘƔƔ	 ƔɇƖ	 ƔɇƚƖƗƛ	   ƘƚɇƚƛƙƔ	 ƕƗɇƖƗƖƘ	   ƗɇƕƙƘƝ
ƕƙɇƜ	 ƗƖɇƔƚƔƔ	 ǸƕƚɇƖƚƔƔ	 ƔɇƖ	 ƔɇƕƕƜƗ	 ǸƖƔɇƗƖƙƔ	 ƕƜɇƛƙƖƕ	 ǸƔɇƝƚƝƙ
ƕƜɇƚ	 ƗƖɇƔƚƔƔ	 ǸƕƗɇƘƚƔƔ	 ƔɇƖ	 ƔɇƔƜƕƔ	 ǸƕƚɇƜƖƙƔ	 ƕƝɇƔƝƙƚ	 ǸƔɇƛƜƜƕ
ƗƔɇƜ	 ƗƖɇƔƚƔƔ	   ǸƕɇƖƚƔƔ	 ƔɇƖ	 ƔɇƔƔƔƛ	   ×ƕɇƙƛƙƔ	 ƕƝɇƜƕƚƛ	 ǸƔɇƔƛƕƕ
Ɩƙɇƛ	 ƗƖɇƔƚƔƔ	   ǸƚɇƗƚƔƔ	 ƔɇƖ	 ƔɇƔƕƜƕ	   ǸƛɇƝƙƔƔ	 ƕƝɇƚƚƖƝ	 ǸƔɇƗƚƕƚ
ƛƕɇƕ	 ƚƜɇƜƜƔƔ	     ƖɇƖƖƔƔ	 ƔɇƖ	 ƔɇƔƔƖƖ	     ƖɇƛƛƙƔ	 ƕƝɇƜƔƗƚ	   ƔɇƕƖƙƗ
ƚƖɇƙ	 ƚƜɇƜƜƔƔ	   ǸƚɇƗƜƔƔ	 ƔɇƖ	 ƔɇƔƕƜƖ	   ǸƛɇƝƛƙƔ	 ƕƝɇƚƚƕƝ	 ǸƔɇƗƚƖƜ
ƙƗɇƗ	 ƚƜɇƜƜƔƔ	 ǸƕƙɇƙƜƔƔ	 ƔɇƖ	 ƔɇƕƔƜƚ	 ǸƕƝɇƘƛƙƔ	 ƕƜɇƜƘƖƕ	 ǸƔɇƝƖƘƙ
ƚƘɇƕ	 ƚƜɇƜƜƔƔ	   ǸƘɇƛƜƔƔ	 ƔɇƖ	 ƔɇƔƕƔƖ	   ×ƙɇƝƛƙƔ	 ƕƝɇƛƗƖƛ	 ǸƔɇƖƛƔƜ
ƝƗɇƘ	 ƚƜɇƜƜƔƔ	   ƖƘɇƙƖƔƔ	 ƔɇƖ	 ƔɇƖƚƝƔ	   ƗƔɇƚƙƔƔ	 ƕƛɇƖƝƕƝ	   ƕɇƙƜƙƘ
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ÚÔÈÓÓÌÙɯÛÏÈÕɯÖÕÌȮɯÐȭÌȭɯÐÛɯÐÚɯÚÛÐÓÓɯÕÖÛɯÚÐÎÕÐŗÊÈÕÛȭɯ(ÍɯÛÏÌɯŗÙÚÛɯ
experiment were removed from the discussed model 
ÌßÈÔ×ÓÌȮɯÛÏÌɯÊÖÌŚÊÐÌÕÛÚɯÞÖÜÓËɯÊÏÈÕÎÌɯÛÏÌɯÔÖÚÛȭ

The Press residual is the quotient of the residual 
ÖÝÌÙɯȹƕǸh), as given in Table 16. Press is the residual 
that would occur for a given experiment if that experi-
ment were not included in the regression analysis 
calculation, but rather if it were predicted by a model 
including all other experiments. Hence, an experi-
ment with high leverage on the model (Cook value) 
would have a high Press residual as well.

The h-value also makes it possible to determine 
the model standard error if one experiment were 
excluded (Si) using

Si={[(DF+1)S2Ǹͅi
2ɤȹƕǸhi)]/DF}1/2	 (17)

ɯ(Õɯ3ÈÉÓÌɯƕƚȮɯÐÛɯÉÌÊÖÔÌÚɯÊÓÌÈÙɯÛÏÈÛɯÐÍɯÛÏÌɯŗÙÚÛɯÌß×ÌÙÐ-
ment were excluded from the model, then the model 
standard error would decrease much more than for 
ÈÓÓɯÖÛÏÌÙɯÌß×ÌÙÐÔÌÕÛÚȭɯ(ÕɯÛÏÌɯŗÕÈÓɯÚÛÌ×ɯÖÍɯÛÏÌɯÖÜÛÓÐÌÙɯ
analysis, the externally studentised residual (ES re-
sidual) may be derived from Si using

$2ɯÙÌÚÐËÜÈÓǻͅi/[SiȹƕǸhi)1/2]	 (18)

The ES residual is a more sensitive outlier indicator 
ÛÏÈÕɯÛÏÌɯÙÌÚÐËÜÈÓɯͅɯÈÓÖÕÌȮɯÉÌÊÈÜÚÌɯÛÏÌɯËÈÛÈɯÓÌÝÌÙÈÎÌɯ
is considered. The analysis of the ES residuals makes 
consideration of the generally employed studentised 
residuals, which do not take into account Si from Equa-
tion (17) and which do not have a true t-distribution, 
obsolete. Table 16 displays all ES residuals from the 
model example above.

From the statistical indicators in Table 16, it can 
ÉÌɯÊÖÕÊÓÜËÌËɯÛÏÈÛɯÛÏÌɯŗÙÚÛɯÌß×ÌÙÐÔÌÕÛɯÐÚɯ×ÙÖÉÈÉÓàɯÈÕɯ
outlier. It should be evaluated in detail by an expert in 
the subject and excluded from the source database if 
deemed reasonable; the modelling procedure should 
then be started all over again, beginning with Step 
4 (correlation analysis). Table 17 shows the new 
ÊÖÙÙÌÓÈÛÐÖÕɯÔÈÛÙÐßȮɯ3ÈÉÓÌɯƕƜɯÚÏÖÞÚɯÛÏÌɯŗÕÈÓɯÔÖËÌÓȮɯ
and Table 19 shows further statistical indicators. No 
ÍÜÙÛÏÌÙɯÖÜÛÓÐÌÙɯ ÊÈÕɯÉÌɯËÌÛÌÊÛÌËȭɯ (Õɯ ÛÏÌɯŗÕÈÓɯÔÖËÌÓɯ
the last experiment has a relatively high leverage 
ȹ"ÖÖÒǻƔɇƝƖƗƔȺȮɯÞÏÐÊÏɯ ÐÚɯ ÚÛÐÓÓɯ ÓÖÞÌÙɯ ÛÏÈÕɯÖÕÌȮɯ ÐȭÌȭɯ ÐÛɯ
ÐÚɯÚÛÐÓÓɯÊÖÕÚÐËÌÙÌËɯÛÖɯÏÈÝÌɯÈÕɯÐÕÚÐÎÕÐŗÊÈÕÛɯÓÌÝÌÙÈÎÌɯ
on the model. However, during model validation 
it should be evaluated if the experimental result is 
reliable.

In the given example it turns out that there exists a 
ÚàÚÛÌÔÈÛÐÊɯËÐřÌÙÌÕÊÌɯÉÌÛÞÌÌÕɯÛÏÌɯËÈÛÈɯÍÙÖÔɯ+ÈÉÖÙÈ-
tory 1 and Laboratory 2. The calibration procedure 
for the new measurement method attempted in 
Laboratory 1, stated above in connection with Table 
1, must be re-evaluated.

Systematic errors in whole measurement series 
ÛÏÈÛɯÓÌÈËɯÛÖɯÈÕɯÖřÚÌÛɯÈÙÌɯÒÕÖÞÕɯÐÕɯÛÏÌɯÎÓÈÚÚɯÚÊÐÌÕÊÌɯ
literature.(65,86)

Step 8: Goodness-of-�t evaluation, validation, 
model improvement
3ÏÌɯÎÖÖËÕÌÚÚɯÖÍɯ ÈɯÔÖËÌÓɯŗÛɯ ȹÛÏÌɯÔÌÈÚÜÙÌɯÖÍɯÏÖÞɯ
well the glass properties can be described with the 
given glass compositions) is generally expressed in 
12ɯÝÈÓÜÌÚȮɯËÌŗÕÌËɯÉà

12ǻƕǸȽ͓ȹͅ2Ⱥɤ͓Ȼȹ.ÉÚÌÙÝÈÛÐÖÕǸ ÝÌÙÈÎÌɯÖÉÚÌÙÝÈÛÐÖÕȺ2]}	
	 (19)

12, adjusted=1A
2ǻƕǸȻȹƕɪ12)(n-1)]/DF	 (20)

12, predicted= 
1P

2ǻƕǸȽȹ/ÙÌÚÚ2Ⱥɤ͓Ȼȹ.ÉÚÌÙÝÈÛÐÖÕǸ ÝÌÙÈÎÌɯÖÉÚÌÙÝÈÛÐÖÕȺ2]}	
	 (21)

12, also known as ÊÖÌŚÊÐÌÕÛɯÖÍɯËÌÛÌÙÔÐÕÈÛÐÖÕ, is a gen-
ÌÙÈÓɯÎÖÖËÕÌÚÚɪÖÍɪŗÛɯ ÐÕËÐÊÈÛÖÙɯÍÖÙɯÔÖËÌÓÚɯ ÐÕÊÓÜËÐÕÎɯ
an intercept (slack variable) that shows the fraction 
of the total variance in the dependent variable (glass 
property) that is explained by the model. If 12 is close 
to one, it either means that the model is good or that 
ÐÛɯÊÖÜÓËɯÉÌɯÛÏÌɯÙÌÚÜÓÛɯÖÍɯÖÝÌÙɯŗŲÐÕÎɯÞÐÛÏɯÐÕÚÐÎÕÐŗÊÈÕÛɯ
and correlated variables.
12 can be calculated and interpreted for the models 

described in this work with and without an intercept 
(Equation (5)).(87) However, the reader should be 
aware of the fact that in some model forms with 
a forced intercept 12ɯ ÐÚɯÕÖÛɯËÌŗÕÌËȮ(88,89) and some 
software packages calculate 12 incorrectly or do 
not permit its calculation at all. For glass property 
modelling described in this study 12 should only be 
determined using Equation (19).
1A

2, originally established for models without an 
intercept (Ref. 6, p 532), is adjusted for the degrees of 
freedom in multiple regression. If 1A

2ɯÐÚɯÚÐÎÕÐŗÊÈÕÛÓàɯ
lower than 12, it can be concluded that the model is 
ÖÝÌÙɯŗŲÌËȭɯ3ÏÌÙÌÍÖÙÌȮɯ1A

2ɯÐÚɯÖŜÌÕɯÈɯÉÌŲÌÙɯÎÖÖËÕÌÚÚɪ
ÖÍɪŗÛɯÐÕËÐÊÈÛÖÙɯÛÏÈÕɯ12 for multiple regression.
1P

2, also called 12
PRESS, is calculated in the same 

way as 12, but using the Press residuals instead of 
the residuals. 1P

2 shows the expected fraction of the 
variance in the dependent variable (glass property) 
that can be explained by the model for predicting 
new experiments. If 1P

2ɯ ÐÚɯ ÚÐÎÕÐŗÊÈÕÛÓàɯ ÓÖÞÌÙɯ ÛÏÈÕɯ
12 and 1A

2, it means that some experiments have a 
high leverage.

The model discussed above has relatively high 12 
values, withɯ12ǻƔɇƝƚƛƜȮɯ1A

2ǻƔɇƝƘƜƙȮɯÈÕËɯ1P
2ǻƔɇƜƛƘƗȰɯ

ÐȭÌȭɯÛÏÌɯÔÖËÌÓɯŗÛɯÈ××ÌÈÙÚɯÛÖɯÉÌɯÎÖÖËȭɯ1P
2 is somewhat 

lower than 12 and 1A
2 because of the last high leverage 

datapoint. The last datapoint may be re-evaluated.
In glass property modelling using statistical analy-

sis the values of the 12ɯ ÐÕËÐÊÈÛÖÙÚɯÈÙÌɯÖŜÌÕɯÏÐÎÏÌÙɯ
ÛÏÈÕɯ ƔɇƝȮ(16–21,60,61,64,65) especially for properties that 
are relatively easy to measure such as the viscosity. 
%ÖÙɯ×ÙÖ×ÌÙÛÐÌÚɯ ÛÏÈÛɯ ÈÙÌɯËÐŚÊÜÓÛɯ ÛÖɯÖÉÛÈÐÕȮɯ ÌȭÎȭɯ ÎÈÚɯ
solubilities in glass melts, 12 tends to be lower.(20) In 
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general, 12ɯÝÈÓÜÌÚɯÏÐÎÏÌÙɯÛÏÈÕɯƔɇƜɯÔÈàɯÉÌɯÊÖÕÚÐËÌÙÌËɯ
as good.
 ɯÎÖÖËɯÔÖËÌÓɯŗÛɯÊÖÜÓËɯÉÌɯÈɯÚÐÎÕɯÖÍɯÙÌ×ÙÖËÜÊÐÉÓÌɯ

experiments; further hidden variables are unlikely 
to be discovered (correlations not considered). It is 
not clear yet, however, which one of the strongly 
correlated glass components B and E is causing the 
observed property changes. Add on experiments 
should be performed for decorrelating the glass 
components B and E. Table 17 also shows that some 
weaker correlations still remain, which always needs 
to be considered during interpretation of the model 
results. Some variables are not completely statistically 
independent. Therefore, it should be preferred to 
interpret model predictions rather than individual 
ÊÖÌŚÊÐÌÕÛÚȭ

For model evaluation, the residuals should be 
×ÓÖŲÌËɯÈÎÈÐÕÚÛɯÛÏÌɯÌß×ÌÙÐÔÌÕÛÈÓÓàɯÖÉÚÌÙÝÌËɯ×ÙÖ×ÌÙÛàɯ
values and against the calculated property values. 
Ideally, the result would be as shown in Figure 4, 
i.e. the residuals are normally distributed. However, 
if a residual variance trend occurs as displayed in 
Figure 2, logarithmic data transformation for error 
normalisation may be evaluated. If a plot is obtained 
as in Figure 5, the model may still not include an 
important variable.
3ÏÌɯÙÌÚÐËÜÈÓÚɯÈÓÚÖɯÚÏÖÜÓËɯÉÌɯ×ÓÖŲÌËɯÈÎÈÐÕÚÛɯÌÈÊÏɯ

ÝÈÙÐÈÉÓÌȭɯ ɯ×ÈŲÌÙÕɯÈÚɯÚÌÌÕɯÐÕɯ%ÐÎÜÙÌɯƚɯÐÕËÐÊÈÛÌÚɯÛÏÈÛɯ
a squared term for the considered variable (glass 
component 1) should be introduced.
(ÍɯÚÛÌ×ÞÐÚÌɯÙÌÚÐËÜÈÓɯÛÙÌÕËÚɯÖÊÊÜÙȮɯɁÉÓÖÊÒɯÌřÌÊÛÚɂɯ

ÔÈàɯÉÌɯ×ÙÌÚÌÕÛȭɯ2ÖÔÌɯËÈÛÈɯÚÌÙÐÌÚɯÔÈàɯÉÌɯËÐřÌÙÌÕÛɯ

ÛÏÈÕɯÖÛÏÌÙÚɯȹËÐřÌÙÌÕÛɯ×ÙÖ×ÌÙÛàɯÝÈÓÜÌÚȺȮɯÖÙɯÛÏÌɯÌÙÙÖÙÚɯ
ÞÐÛÏÐÕɯÝÈÙÐÖÜÚɯËÈÛÈɯÚÌÙÐÌÚɯÔÈàɯÉÌɯËÐřÌÙÌÕÛȭ

For statistical ÔÖËÌÓɯ ÝÈÓÐËÈÛÐÖÕ, the differences 
between precision (repeatability), reproducibility, and 
accuracy must be taken into account. The precision 
ÙÌŘÌÊÛÚɯ ÛÏÌɯ ÊÖÕÚÐÚÛÌÕÊàɯÈÕËɯ ÙÌ×ÌÈÛÈÉÐÓÐÛàɯÞÐÛÏÐÕɯÈɯ
data series of one experienced investigator, generally 
using one measurement technique. The reproduc-
ibility is a measure of how well other experienced 
investigators in other laboratories can reproduce 
the experiment. The accuracy shows the similarity 
to the “true” or “mean” value in case the absolute 
ÛÙÜÛÏɯÐÚɯÒÕÖÞÕȭɯ(ÛɯÐÚɯÖŜÌÕɯÈÚÚÜÔÌËɯÛÏÈÛɯÌß×ÌÙÐÔÌÕÛÚɯ
reproduced by several experienced and independent 
investigators are very close to being accurate, e.g. 
NIST or DGG glass property standards.

Consequently, for models based on one single 
investigator, a reproducibility and accuracy can not 
be established; only the precision may be evaluated. 
However, in high quality publications that contain 
experimental data the author is always using external 
values for calibration and/or comparison. Therefore, 
even for some models based on one single study 
repeatability and accuracy can be established. For 
models based on several investigators, the reproduc-
ibility may be determined, which can be assumed to 
come close to accuracy if many investigators agree. 
2ÛÈÛÐÚÛÐÊÈÓɯÔÖËÌÓɯÝÈÓÐËÈÛÐÖÕ can be obtained by:
ȹƕȺ	 2×ÓÐŲÐÕÎɯÖÍɯÛÏÌɯÚÖÜÙÊÌɯËÈÛÈɯÐÕÛÖɯÖÕÌɯÚÌÛɯÍÖÙɯÔÖËÌÓ-

ling and a second set for comparing of predicted 
and experimental data;

(2)	 Comparing the model predictions to experimen-
tal data from another investigator;

(3)	 Comparative modelling of two data series from 
ËÐřÌÙÌÕÛɯ ÐÕÝÌÚÛÐÎÈÛÖÙÚɯÞÏÌÙÌɯ ÊÖÌŚÊÐÌÕÛÚɯ ÈÕËɯ
residual trends are compared with and without 
the second series;

(4)	 Comparative modelling of several data series 
from various investigators including careful 
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3ÈÉÓÌɯƕƛȭɯ-ÌÞɯÓÐÕÌÈÙɯÊÖÙÙÌÓÈÛÐÖÕɯÔÈÛÙÐß
	 !	 "	 #	 $	 .řÚÌÛɯ+ƕ
B	 1				    
"	 ɬƔɇƖƚƝ	 ƕ			   
#	 ɬƔɇƕƙƝ	 ƔɇƖƝƜ	 ƕ		  
E	 –0·990	 ƔɇƗƖƕ	 ƔɇƖƕƔ	 ƕ	 
.řÚÌÛɯ+ƕ	 ƔɇƔƔƔ	 ɬƔɇƕƜƗ	 ƔɇƗƖƜ	 ɬƔɇƔƕƚ	 ƕ

Figure 4. Normal residual distribution
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ÈÕÈÓàÚÐÚɯÖÍɯ ÊÖÙÙÌÓÈÛÐÖÕÚȮɯÖÝÌÙɤÜÕËÌÙŗŲÐÕÎȮɯ ÚàÚ-
tematic trends, and data leverage;

(5)	 Developing two independent models based on 
ËÈÛÈɯÚÌÙÐÌÚɯÍÙÖÔɯËÐřÌÙÌÕÛɯÐÕÝÌÚÛÐÎÈÛÖÙÚɯÐÕɯÚÐÔÐÓÈÙɯ
composition regions and comparing the model 
ÊÖÌŚÊÐÌÕÛÚɯÊÖÕÚÐËÌÙÐÕÎɯÊÖÙÙÌÓÈÛÐÖÕÚȮɯÈÕË

(6)	 Developing two independent models, including 
all possible component interactions based on data 
ÚÌÙÐÌÚɯ ÍÙÖÔɯËÐřÌÙÌÕÛɯ ÐÕÝÌÚÛÐÎÈÛÖÙÚɯ ÐÕɯËÐřÌÙÌÕÛɯ
composition regions (compositions in mol%) and 
ÊÖÔ×ÈÙÐÚÖÕɯÖÍɯÛÏÌɯÔÖËÌÓɯÊÖÌŚÊÐÌÕÛÚɯÊÖÕÚÐËÌÙÐÕÎɯ
correlations.

If the standard errors are comparable to the errors 
found during model evaluation and correlations/
trends are considered, it can be assumed that the 
model is accurate, i.e. it is “validated.” Method (1) 
can be used for an internal validation of the model 
precision, and methods (2) to (6) allow conclusions 
to be drawn concerning total accuracy by comparing 
the results with other investigators.

In addition to standard error comparison, it is 

also possible to determine 12, validation=ɯ1V
2. 1V

2 is 
calculated in the same way as 12 in Equation (19), but 
instead of the model residuals, the residuals from the 
validation test are used. For example, a model may 
be established based on 80% of all data, and then 
predictions are made for the remaining 20%, and only 
the residuals of the 20% of the data are considered 
for the 1V

2 calculation.
An Ìß×ÌÙÐÔÌÕÛÈÓɯÔÖËÌÓɯÝÈÓÐËÈÛÐÖÕ is superior to the 

statistical validation explained above. In addition, it 
ÐÚɯÖŜÌÕɯ×ÖÚÚÐÉÓÌɯÞÐÛÏɯÌß×ÌÙÐÔÌÕÛÈÓɯÔÖËÌÓɯÝÈÓÐËÈÛÐÖÕɯ
to improve the model considerably, resulting in a 
prediction error reduction up to 20 to 50% according 
to the experience of the author. Experimental valida-
tion and model improvement should be approached 
as follows:
ȹƕȺ	 %ÐÙÚÛȮɯÛÏÌɯÙÌÈÚÖÕÈÉÐÓÐÛàɯÖÍɯËÈÛÈÚÌÛɪÚ×ÌÊÐŗÊɯÊÈÛÌÎÖÙ-

ÐÊÈÓɯÖřÚÌÛɯÝÈÙÐÈÉÓÌÚɯÔÜÚÛɯÉÌɯÌßÈÔÐÕÌËȭɯ(ÛɯÏÈÚɯÛÖɯ
ÉÌɯÐÕÝÌÚÛÐÎÈÛÌËɯÌß×ÌÙÐÔÌÕÛÈÓÓàɯÐÍɯÈÕËɯÏÖÞɯŗÕË-
ÐÕÎÚɯÍÙÖÔɯËÐřÌÙÌÕÛɯÓÈÉÖÙÈÛÖÙÐÌÚɯÈÙÌɯÊÖÔ×ÈÙÈÉÓÌȭɯ
3ÏÌɯÔÖÚÛɯÊÖÕÛÙÈËÐÊÛÖÙàɯŗÕËÐÕÎÚɯÍÙÖÔɯËÐřÌÙÌÕÛɯ
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%ÐÎÜÙÌɯƙȭɯ1ÌÚÐËÜÈÓɯÛÙÌÕË

%ÐÎÜÙÌɯƚȭɯ1ÌÚÐËÜÈÓɯÛÙÌÕËɯÝÌÙÚÜÚɯÈɯÝÈÙÐÈÉÓÌɯȹÎÓÈÚÚɯÊÖÔ×ÖÕÌÕÛɯƕȺ
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laboratories should be reproduced.
ȹƖȺ	 3ÏÌɯÎÓÈÚÚÌÚɯÞÐÛÏɯ ÛÏÌɯÎÙÌÈÛÌÚÛɯ ÐÕŘÜÌÕÊÌɯÖÕɯ ÛÏÌɯ

overall understanding (high Cook values) need 
to be re-analysed and/or remelted and excluded 
from the model if crystallisation or phase separa-
tion occurs, if undissolved batch material remains 
in the glass, if the bubble content is very high, if 
extremely strong striations are visible, or if other 
similar irregularities can be observed.

ȹƗȺ	 3ÏÌɯÔÖËÌÓɯ ÙÌÚÜÓÛɯ ȹÎÓÈÚÚɯ ÊÖÔ×ÖÕÌÕÛɯ ÐÕŘÜÌÕÊÌÚɯ
on the property) should evaluated from a glass 
science standpoint. It must be estimated whether 
ÛÏÌɯÔÖËÌÓɯÐÚɯÙÌÈÚÖÕÈÉÓÌɯÈÕËɯÔÈÒÌÚɯÈÕàɯÚÊÐÌÕÛÐŗÊɯ
sense. Surprising or unusual glass component 
ÐÕŘÜÌÕÊÌÚɯÕÌÌËɯ ÛÖɯÉÌɯ ÛÙÈÊÌËɯÉÈÊÒɯ ÛÖɯ ÛÏÌɯ ÐÕËÐ-
ÝÐËÜÈÓɯÎÓÈÚÚÌÚɯÛÏÈÛɯÈÙÌɯÛÏÌɯÔÖÚÛɯÚÐÎÕÐŗÊÈÕÛɯÊÈÜÚÌÚɯ
ÖÍɯ ÛÏÌÚÌɯ ÐÕŘÜÌÕÊÌÚȮɯ ÈÕËɯ ÛÏÖÚÌɯÎÓÈÚÚÌÚɯÏÈÝÌɯ ÛÖɯ
be remelted and measured. For example, if all 
ÎÓÈÚÚɯÊÖÔ×ÖÕÌÕÛÚɯÐÕŘÜÌÕÊÌɯÛÏÌɯ×ÙÖ×ÌÙÛàɯÍÖÙɯÜ×ɯ
the 10 property units per mol%, and one minor 
ÊÖÔ×ÖÕÌÕÛɯ È××ÌÈÙÚɯ ÛÖɯ ÐÕŘÜÌÕÊÌɯ ÛÏÌɯ×ÙÖ×ÌÙÛàɯ
for 5000 property units per mol%, then it is pos-
ÚÐÉÓÌɯÛÏÈÛɯÛÏÐÚɯ×ÏÌÕÖÔÌÕÖÕɯÐÚɯÙÈÛÏÌÙɯËÐŚÊÜÓÛɯÛÖɯ
ÜÕËÌÙÚÛÈÕËɯÚÊÐÌÕÛÐŗÊÈÓÓàȭɯ3ÏÌɯÔÌÕÛÐÖÕÌËɯÔÐÕÖÙɯ
ÊÖÔ×ÖÕÌÕÛɯÞÐÛÏɯÛÏÌɯÌßÊÌ×ÛÐÖÕÈÓɯÐÕŘÜÌÕÊÌɯÚÏÖÜÓËɯ
be analysed experimentally.

(4)	 Finally, add-on experiments can be performed to 
reduce mutual correlations of glass components, 
and to expand the model into new composition 
areas.

In general, a good multiple regression model has 
the following properties:(10)

·	  ÓÓɯÍÈÊÛÖÙÚɯÐÕɯÛÏÌɯÔÖËÌÓɯÈÙÌɯÚÐÎÕÐŗÊÈÕÛɯȹÈÉÚÖÓÜÛÌɯ
value of t-values>2), and all excluded factors are 
ÐÕÚÐÎÕÐŗÊÈÕÛɯ ȹÈÉÚÖÓÜÛÌɯÝÈÓÜÌɯÖÍɯ tɪÝÈÓÜÌÚǾƖȺȮɯ ÐȭÌȭɯ

ÛÏÌÙÌɯÈÙÌɯÕÖɯÖÝÌÙɤÜÕËÌÙɯŗŲÐÕÎɯÖÊÊÜÙÚȭ
·	 Accurate predictions can be made using the model. 

The standard error of the model SɯÐÚɯÕÖÛɯÚÐÎÕÐŗ-
cantly (no more than about 1·7 times) larger than 
the standard deviation of repeated experiments 
from several investigators.

·	 The standard error of the model S is higher than 
the standard deviation of repeated experiments 
from several investigators, i.e. the model is not 
ÖÝÌÙɪŗŲÌËȭɖ

·	 3ÏÌɯÊÖÌŚÊÐÌÕÛÚɯÈÙÌɯÙÌÈÚÖÕÈÉÓÌȮɯÈÊÊÖÙËÐÕÎɯÛÖɯÛÏÌɯ
judgment of experts familiar with the modelled 
property.

·	 Follow-up experiments within the model applica-
tion limits agree with the model predictions.

Step 9: Model application

For all glass property models published in the litera-
ÛÜÙÌȮɯÛÏÌɯÊÖÔ×ÖÚÐÛÐÖÕÈÓɯÈÙÌÈɯÐÚɯËÌŗÕÌËɯÍÖÙɯÞÏÐÊÏɯÛÏÌɯ
model is valid. Those composition limits are stated as 
minima and maxima of all glass components consid-
ÌÙÌËɯÐÕɯÛÏÌɯÚ×ÌÊÐŗÊɯÔÖËÌÓȭɯ'ÖÞÌÝÌÙȮɯÐÕɯÔÈÕàɯÊÈÚÌÚȮɯ
it may happen when two or more concentrations are 
set to extrema that those extreme combinations were 
not investigated in fact, even though the extreme 
ÚÐÕÎÓÌɯ ÊÖÔ×ÖÕÌÕÛɯ ÐÕŘÜÌÕÊÌÚɯÞÌÙÌȭɯ"ÖÕÚÌØÜÌÕÛÓàȮɯ
models may result in inaccurate predictions for 
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%ÐÎÜÙÌɯƛȭɯ!ÐÕÈÙàɯƝƙǔɯÊÖÔ×ÖÕÌÕÛɯÊÖÔÉÐÕÈÛÐÖÕɯÓÐÔÐÛÚȰɯƝƙǔɯÖÍɯÈÓÓɯËÈÛÈɯÈÙÌɯÞÐÛÏÐÕɯÛÏÌɯÓÐÔÐÛÚɯÖÍɯÛÏÌɯÌÓÓÐ×ÚÌȭɯ/ÓÌÈÚÌɯÕÖÛÌɯÛÏÈÛɯ
the limits are notɯÊÏÈÙÈÊÛÌÙÐÚÌËɯÉàɯÈɯÙÌÊÛÈÕÎÓÌɯÐÕÚÛÌÈËɯÖÍɯÛÏÌɯÌÓÓÐ×ÚÌɯÚÏÖÞÕȭɯ3ÏÌɯÊÖÙÕÌÙÚɯÖÍɯÈɯÙÌÊÛÈÕÎÓÌɯÞÖÜÓËɯÉÌɯoutside 
ÛÏÌɯÚÖÜÙÊÌɯËÈÛÈȮɯÞÏÐÊÏɯÐÚɯÕÖÛɯÊÖÕÚÐËÌÙÌËɯÐÕɯÈÓÔÖÚÛɯÈÓÓɯÎÓÈÚÚɯ×ÙÖ×ÌÙÛàɯÔÖËÌÓÚ

ɖɯ(ÛɯÐÚɯÖŜÌÕɯÐÔ×ÖÚÚÐÉÓÌɯÛÖɯÌÚÛÐÔÈÛÌɯÛÏÌɯÚÛÈÕËÈÙËɯËÌÝÐÈÛÐÖÕɯÖÍɯÙÌ×ÌÈÛÌËɯ
experiments from several investigators because of the lack of data for 
multicomponent glasses. Therefore, it is advised to collect all published 
values available from binary glass systems.(78)ɯ ɯ×ÖÓàÕÖÔÐÈÓɯŗÛɯÖÍɯÛÏÌɯ
ÚÌÊÖÕËɯÖÙɯÛÏÐÙËɯËÌÎÙÌÌɯÖŜÌÕɯËÌÚÊÙÐÉÌÚɯÛÏÖÚÌɯËÈÛÈɯÞÌÓÓȭɯ3ÏÌɯÚÛÈÕËÈÙËɯÌÙÙÖÙɯ
obtained from binary systems may be assumed to be similar to the error 
concerning multicomponent glasses.
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3ÈÉÓÌɯ ƕƜȭɯ %ÐÕÈÓɯ ÌßÈÔ×ÓÌɯÔÖËÌÓɯ ÊÖÌŚÊÐÌÕÛÚȮɯ ÊÖÌŚÊÐÌÕÛɯ
ÚÛÈÕËÈÙËɯÌÙÙÖÙÚȮɯÛɪÝÈÓÜÌÚȮɯÈÕËɯÔÖËÌÓɯÚÛÈÕËÈÙËɯÌÙÙÖÙ
5ÈÙÐÈÉÓÌ	 "ÖÌŚÊÐÌÕÛ	 2ϕ	 tϕ
(ÕÛÌÙÊÌ×Û	   ƗƚɇƘƕƛƘ	 ƛɇƗƗƔƜ	     ƘɇƝƚƛƜ
ϕB	     ƗɇƕƕƔƛ	 ƔɇƜƕƝƙ	     ƗɇƛƝƚƔ
ϕC	     ƖɇƗƛƝƕ	 ƔɇƚƕƕƗ	     ƗɇƜƝƕƙ
.řÚÌÛɯ+ƕ	 ǸƘƗɇƔƚƖƖ	 ƘɇƕƛƖƔ	 ǸƕƔɇƗƖƕƜ
ϕD	 Ɣ	 ÐÕÚÐÎÕÐŗÊÈÕÛ
SǻƚɇƕƔƙƗ

certain component combinations if the combination 
ȹÐȭÌȭɯÐÕÛÌÙÈÊÛÐÖÕȺɯÓÐÔÐÛÚɯÈÙÌɯÕÖÛɯÞÌÓÓɯËÌŗÕÌËȭ

The component combination limits for glass property 
models state the maxima and minima of all compo-
nent combinations that are covered by the model. The 
ÊÖÔ×ÖÕÌÕÛɯÊÖÔÉÐÕÈÛÐÖÕɯÓÐÔÐÛÚɯÕÌÌËɯÛÖɯÉÌɯÚ×ÌÊÐŗÌËɯ
in addition to the concentration limits of all glass 
components.

Given the uncorrelated components 1 and 2 with 
normally distributed concentration values, the binary 
component combination limits may be expressed as 
ÚÌÌÕɯÐÕɯ%ÐÎÜÙÌɯƛɯÈÕËɯËÌŗÕÌËɯÜÚÐÕÎ

42=s2/s1[(tϔȭ#%s1)2Ǹȹc1Ǹa1)2]1/2+a2	 (22)

+2ǻǸs2/s1[tϔȭ#%s1)2Ǹȹc1Ǹa1)2]1/2+a2	 (23)

where 42, +2 are the upper and lower concentration 
limits of component 2, s1, s2 are the standard de-
viations of all concentration values of components 
1 and 2, a1, a2 are the average concentrations of the 
components 1 and 2 and c1 is the concentration of 
component 1. Ternary component combination limits 
can be similarly derived from a spherical function like 
f(x,y)=(radius2Ǹx2Ǹy2)1/2.

If the components 1 and 2 in Equations (22) and (23) are 
linearly correlated the constant term a2 in the Equations 
(22) and (23) would need to be replaced by a linear function 
c2=slopec1+intercept.

Equations (22) and (23) can be applied in many 
cases for glass property modelling if the compo-
nent 1 is silica (SiO2), i.e. most binary component 
combination limits [(SiO2)–(other component)] 

ÊÈÕɯÉÌɯØÜÈÕÛÐŗÌËɯÛÏÙÖÜÎÏɯ$ØÜÈÛÐÖÕÚɯȹƖƖȺɯÈÕËɯȹƖƗȺȭɯ
However, it is not possible to use Equations (22) and 
(23) for component combination limits of most of the 
remaining glass components besides SiO2 because of 
a non-normal distribution of the data. For practical 
È××ÓÐÊÈÛÐÖÕȮɯÐÛɯÐÚɯÉÌÕÌŗÊÐÈÓɯÛÖɯËÌŗÕÌɯÛÏÌɯÊÖÔ×ÖÕÌÕÛɯ
combination limits as follows:
(1)	 Maxima and minima of component concentra-

tion products (minima mostly zero)=interaction 
variables in Equation (7),

(2)	 Maxima and minima of component concentra-
tion sums (e.g. for excluding binary glasses like 
SiO2–CaO or ternary glasses like SiO2–B2O3–Al2O3 
from model predictions that are not part of the 
source data),

(3)	 Maxima of the terms (SiO2+Na2O).SiO2, 
(SiO2+K2O).SiO2, (SiO2+PbO).SiO2, and similar 
terms for excluding predictions in the binary 
systems SiO2–Na2O, SiO2–K2O, SiO2–PbO, etc. at 
high concentrations of SiO2.

In addition, model predictions should be con-
ÚÐËÌÙÌËɯÜÕÙÌÓÐÈÉÓÌɯÐÍɯÛÏÌɯƝƙǔɯ×ÙÌËÐÊÛÐÖÕɯÊÖÕŗËÌÕÊÌɯ
interval SCI given below in Equation (26) is higher 
than three times the model standard error S.

Model predictions can be made using Equations 

(1) or (7).
The standard prediction error of the mean for a glass 

composition of interest (PE, prediction error) can be 
determined using 

PE=S[x0
T(XTX)Ǹƕx0]1/2	 (24)

with x0 being the factor 1-column matrix derived 
from the glass composition of interest, and x0

T be-
ing its 1-row transpose. PE is generally lower than 
S. For example, if the PE is determined for a glass 
from Laboratory 2 containing 3% B and 5% C, the 
matrix x0

T would be [1|3|5|0], and the prediction is 
ƙƛɇƚƘƘƜǷƖɇƗƙƛƝɯȹPEǻƖɇƗƙƛƝȺȭɯ3ÏÐÚɯÔÌÈÕÚɯÛÏÈÛɯÛÏÌÙÌɯÐÚɯ
ÈɯÊÖÕŗËÌÕÊÌɯÖÍɯÈÉÖÜÛɯƚƜǔɯȹtϔȮ#%~1) that the average 
property of multiple glass samples with the desired 
composition would be as predicted with an error of 
ǷƖɇƗƙƛƝȭɯPE is also a measure for the model sensibility 
limitȮɯÐȭÌȭɯÏÖÞɯÓÈÙÎÌɯÔÖËÌÓɯ×ÙÌËÐÊÛÐÖÕɯËÐřÌÙÌÕÊÌÚɯÔÜÚÛɯ
ÉÌɯÛÖɯÙÌ×ÙÌÚÌÕÛɯÈɯÙÌÈÓɯËÐřÌÙÌÕÊÌȮɯÈÕËɯÉÌÓÖÞɯÞÏÐÊÏɯ
ÈÕàɯ ÚÔÈÓÓɯËÐřÌÙÌÕÊÌÚɯÔÈàɯÉÌɯ ÊÖÕÚÐËÌÙÌËɯÈÚɯ áÌÙÖȭɯ
6ÐÛÏɯÈɯÔÖËÌÓɯ×ÙÌËÐÊÛÐÖÕɯËÐřÌÙÌÕÊÌɯÖÍɯ/$ɯÈÕËɯtϔȮ#%>3, 
ÛÏÌÙÌɯÐÚɯÈɯÊÖÕŗËÌÕÊÌɯÖÍɯÈÉÖÜÛɯƚƖǔɯÛÏÈÛɯÛÏÌɯËÐřÌÙÌÕÛɯ
×ÙÌËÐÊÛÐÖÕÚɯ ÈÙÌɯ ÌØÜÈÓȰɯÞÐÛÏɯ ÈɯËÐřÌÙÌÕÊÌɯ ÖÍɯ ÈÉÖÜÛɯ
ƔɇƕƖǺ/$ɯÛÏÐÚɯÊÖÕŗËÌÕÊÌɯÐÕÊÙÌÈÚÌÚɯÛÖɯƝƙǔȮɯÈÕËɯÞÐÛÏɯÈɯ
ËÐřÌÙÌÕÊÌɯÖÍɯÈÉÖÜÛɯƗɇƝǺ/$ɯÛÏÌɯÊÖÕŗËÌÕÊÌɯËÌÊÙÌÈÚÌÚɯ
ÛÖɯƙǔȭɯ(ÛɯÚÏÖÜÓËɯÉÌɯÛÏÌɯÎÖÈÓɯÛÖɯÒÌÌ×ɯÛÏÐÚɯÊÖÕŗËÌÕÊÌɯ
ÓÖÞȭɯ3ÏÈÛɯÔÌÈÕÚɯÍÖÙɯÚÓÐÎÏÛÓàɯËÐřÌÙÌÕÛɯÔÖËÌÓɯ×ÙÌËÐÊ-
tions it is desirable to make sure that the predictions 
are not equal.

The standard ÊÖÕŗËÌÕÊÌɯÐÕÛÌÙÝÈÓ of the mean model 
prediction is obtained by multiplying the standard 
prediction error PE by the t distribution value tϔȮ#%. 
%ÖÙɯÈɯƝƙǔɯÊÖÕŗËÌÕÊÌɯÈÕËɯDF>15, tϔȮ#% can be approxi-
mated as 2. DF=5 for the model described above.

Naturally, the standard error for predicting a single 
future experiment (PEF, prediction error for a single 
future experiment) is higher than the standard error 
for the predicting the mean response (PE). The PEF 
may be estimated using

PEF=(S2+PE2)1/2	 (25)

Comparing PE and PEF demonstrates the fact that 
single experiments from one laboratory are less 
valuable than the modelled mean of a number of 
reproduced experiments for evaluating property 
values. 
3ÏÌɯÚÛÈÕËÈÙËɯ×ÙÌËÐÊÛÐÖÕɯÊÖÕŗËÌÕÊÌɯÐÕÛÌÙÝÈÓɯÖÍɯÛÏÌɯ

mean for multiple glass compositions or the simulta-
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neous cÖÕŗËÌÕÊÌɯinterval of the mean 

SCI=PE(pFϔȭ×ȭ#%)1/2	 (26)

ÙÌŘÌÊÛÚɯ ÛÏÌɯ ÊÌÙÛÈÐÕÛàɯ ÛÏÈÛɯ ÈÓÓɯ ÖÍɯ ÚÌÝÌÙÈÓɯ ×ÙÌËÐÊÛÌËɯ
ÝÈÓÜÌÚɯÈÙÌɯÞÐÛÏÐÕɯÛÏÌɯÚ×ÌÊÐŗÌËɯÙÈÕÎÌɯÞÐÛÏɯÛÏÌɯËÌÚÐÙÌËɯ
ÊÖÕŗËÌÕÊÌɯ ȹS-method(90)). SCI should be preferred 
over PE in glass technology because it shows the con-
ŗËÌÕÊÌɯÙÌÓÈÛÌËɯÛÖɯÔÈÚÚɯ×ÙÖËÜÊÛÐÖÕȭɯ3ÏÌɯƝƙǔɯ2"(ɯÍÖÙɯÈɯ
glass containing 3% B and 5% C following the model 
ÐÕɯ3ÈÉÓÌÚɯƕƜɯÈÕËɯƕƝɯÐÚɯƙƛɇƚƘƘƜǷƕƔɇƛƘƙƘɯȹSCIǻƕƔɇƛƘƙƘɯ
with F95%,4,5ǻƙɇƕƝƖƖȺȭɯ(ÍɯÛÏÌɯÎÓÈÚÚɯÊÖÕÛÈÐÕÐÕÎɯƗǔɯ!ɯÈÕËɯ
5% C were mass produced, then 95 out of 100 glasses 
are predicted to have the desired property with an 
ÌÙÙÖÙɯÖÍɯǷƕƔɇƛƘƙƘɯÉÌÊÈÜÚÌɯÖÍɯÔÖËÌÓɯÜÕÊÌÙÛÈÐÕÛàȭ

The prediction errors PE, PEF, and SCI described 
above are valid only if the chemical glass composition 
is known exactly. However, the chemical composition 
within a glass melting tank may vary, and the accu-
racy of a chemical analysis of a sample from the glass 
tank may vary as well. For a good estimation of the 
predicted property error, the chemical composition 
variation within a glass melting tank must be quanti-
ŗÌËɯÛÏÙÖÜÎÏɯÊÏÌÔÐÊÈÓɯÈÕÈÓàÚÐÚȭɯ(ÍɯÛÏÌɯÎÓÈÚÚɯÊÖÔ×ÖÚÐ-
ÛÐÖÕɯÐÕɯÛÏÌɯÛÈÕÒɯÐÚɯÚàÚÛÌÔÈÛÐÊÈÓÓàɯËÐřÌÙÌÕÛɯÐÕɯÚ×ÌÊÐŗÊɯ
ÓÖÊÈÛÐÖÕÚȮɯ ÛÏÖÚÌɯËÐřÌÙÌÕÛɯ ÊÖÔ×ÖÚÐÛÐÖÕÚɯ ÚÏÖÜÓËɯÉÌɯ
used for property prediction within those locations. 
In case the glass composition varies randomly, several 
measurements should be taken, and the standard de-
viation of each glass component, which is the result of 
random variations of the chemical composition in the 
tank and the analytical measurement error, should 
be calculated. The glass composition uncertainty can 
now be converted to a property prediction cÖÕŗËÌÕÊÌɯ
interval due to chemical uncertainty (PCIC) using

PCIC=tϔȭ#%(COT.SC.CO)1/2	 (27)

with CO being the 1-column coÌŚÊÐÌÕÛɯÔÈÛÙÐßɯÍÙÖÔɯ
Equation (12). The degrees of freedom DF in Equation 
(27) may be assumed to equal the number of samples 

used to determine the SC (see below) minus one.
The chemical composition variance matrix SC (S 

ÍÖÙɯϦ2, C for cÏÌÔÐÊÈÓȺɯÐÕɯ$ØÜÈÛÐÖÕɯȹƖƛȺɯÐÚɯËÌŗÕÌËɯÐÕɯ
Table 20. It consists of a diagonal matrix that contains 
ÛÏÌɯ ÚØÜÈÙÌɯÖÍɯ ÛÏÌɯ ÚÛÈÕËÈÙËɯËÌÝÐÈÛÐÖÕɯϦ2 (=ÝÈÙÐÈÕÊÌ) 
for each glass component included in the model 
as diagonal elements, and zero in all other matrix 
positions. In case the model included squared or 
interaction variables according to Equation (7), they 
need to be considered in the chemical composition 
variance matrix as well. If the main glass component 
silica (SiO2) were excluded following the slack-vari-
able technique in Equations (1) and (7) the matrix CO 
should be recalculated according to the canonical 
model form in Equation (5) following equations listed 
by Piepel (Ref. 91, p 190) and Cornell (Ref. 6, p 15–18 
and 333–343).

The total prediction confidence interval CItotal 
caused by model uncertainty and the uncertainty of 
the chemical glass composition to be predicted is the 
sum of SCI and PCIC

CItotal=SCI+PCIC	 (28)

The technique described in this work can be suc-
cessfully applied for glass property modelling as 
demonstrated in previous papers.(20,64,77)

Analysis summary

The advantages of the presented statistical analysis 
method may be summarised as follows:
Superior accuracy: The large number of source data 

points allows a higher accuracy than the error 
arising from a few experiments.

3ÐÔÌɯ ÈÕËɯŗÕÈÕÊÐÈÓɯ ÚÈÝÐÕÎÚȯɯCalculations can be 
completed within minutes. In contrast, one single 
experimental investigation may take several 
hours or days, including large personnel and 
equipment expenses, and the measurement ac-
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3ÈÉÓÌɯƕƝȭɯ%ÐÕÈÓɯÌßÈÔ×ÓÌɯÔÖËÌÓɯÚÛÈÛÐÚÛÐÊÚȮɯÔÖËÌÓɯÍÙÖÔɯ3ÈÉÓÌɯƕƜ
/ÙÖ×ÌÙÛà		  1ÌÚÐËÜÈÓ	 Ï	 "ÖÖÒ	 /ÙÌÚÚ	 2i	 ES
ÖÉÚÌÙÝÌË	 ÊÈÓÊÜÓÈÛÌË	 Ȉ	 ÝÈÓÜÌ	 ÝÈÓÜÌ	 ÙÌÚÐËÜÈÓ		  ÙÌÚÐËÜÈÓ
ƕƙɇƜ	 ƝɇƜƖƘƘ	   ƙɇƝƛƙƚ	 ƔɇƘƚƛƜ	 ƔɇƗƝƙƙ	   ƕƕɇƖƖƛƛ	 ƙɇƙƝƙƛ	   ƕɇƘƚƗƜ
ƕƜɇƚ	 ƖƙɇƙƚƖƔ	 ǸƚɇƝƚƖƔ	 ƔɇƗƕƖƗ	 ƔɇƖƕƘƛ	 ǸƕƔɇƕƖƗƚ	 ƙɇƙƗƘƜ	 ǸƕɇƙƕƚƜ
ƗƔɇƜ	 ƗƘɇƕƚƖƘ	 ǸƗɇƗƚƖƘ	 ƔɇƘƕƚƚ	 ƔɇƔƝƖƜ	   ǸƙɇƛƚƗƗ	 ƚɇƗƝƕƛ	 ǸƔɇƚƜƜƛ
Ɩƙɇƛ	 ƖƕɇƗƙƕƕ	   ƘɇƗƘƜƝ	 ƔɇƙƕƙƝ	 ƔɇƖƛƝƖ	     ƜɇƝƜƗƚ	 ƚɇƔƛƙƝ	   ƕɇƔƖƜƛ
ƛƕɇƕ	 ƚƚɇƘƖƝƙ	   ƘɇƚƛƔƙ	 ƔɇƙƘƕƚ	 ƔɇƗƛƛƔ	   ƕƔɇƕƜƜƖ	 ƙɇƝƗƘƕ	   ƕɇƕƚƖƙ
ƚƖɇƙ	 ƚƙɇƙƕƗƚ	 ǸƗɇƔƕƗƚ	 ƔɇƖƚƜƝ	 ƔɇƔƗƔƚ	   ǸƘɇƕƖƕƛ	 ƚɇƘƝƝƛ	 ǸƔɇƙƘƖƖ
ƙƗɇƗ	 ƙƛɇƘƚƔƘ	 ǸƘɇƕƚƔƘ	 ƔɇƘƗƕƔ	 ƔɇƕƙƘƚ	   ǸƛɇƗƕƖƔ	 ƚɇƖƕƚƚ	 ǸƔɇƜƜƛƖ
ƚƘɇƕ	 ƚƚɇƔƚƔƜ	 ǸƕɇƝƚƔƜ	 ƔɇƗƚƕƔ	 ƔɇƔƖƖƜ	   ǸƗɇƔƚƜƘ	 ƚɇƙƝƛƙ	 ǸƔɇƗƛƕƜ
ƝƗɇƘ	 ƜƜɇƝƗƙƛ	   ƘɇƘƚƘƗ	 ƔɇƚƜƙƔ	 0·9230	   ƕƘɇƕƛƗƚ	 ƙɇƚƚƗƙ	   ƕɇƘƔƘƙ

3ÈÉÓÌɯƖƔȭɯ"ÏÌÔÐÊÈÓɯÊÖÔ×ÖÚÐÛÐÖÕɯÝÈÙÐÈÕÊÌɯÔÈÛÙÐßɯȹSC)
	 "ÖÔ×ÖÕÌÕÛɯƕ	 "ÖÔ×ÖÕÌÕÛɯƖ	 "ÖÔ×ÖÕÌÕÛɯƗ	 "ÖÔ×ÖÕÌÕÛɯƘ	 "ÖÔ×ÖÕÌÕÛɯƙ
"ÖÔ×ÖÕÌÕÛɯƕ	 Ϧ1

2	 0	 0	 0	 0
"ÖÔ×ÖÕÌÕÛɯƖ	 Ɣ	 Ϧ2

2	 0	 0	 0
"ÖÔ×ÖÕÌÕÛɯƗ	 Ɣ	 Ɣ	 Ϧ3

2	 0	 0
"ÖÔ×ÖÕÌÕÛɯƘ	 Ɣ	 Ɣ	 Ɣ	 Ϧ4

2	 0
"ÖÔ×ÖÕÌÕÛɯƙ	 Ɣ	 Ɣ	 Ɣ	 Ɣ	 Ϧ5

2
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ÊÜÙÈÊàɯ ÚÛÐÓÓɯ ÕÌÌËÚɯ ÛÖɯÉÌɯ ÊÖÕŗÙÔÌËɯ ÚÛÈÛÐÚÛÐÊÈÓÓàɯ
ÈŜÌÙÞÈÙËÚɯÉàɯÊÖÔ×ÈÙÐÕÎɯÙÌÚÜÓÛÚɯÞÐÛÏɯ ÛÏÖÚÌɯÖÍɯ
other investigators.

"ÖÔ×ÈÛÐÉÐÓÐÛàȯɯMultiple regression makes data com-
×ÈÙÈÉÓÌɯÖÝÌÙɯÞÐËÌɯÊÖÔ×ÖÚÐÛÐÖÕɯÙÈÕÎÌÚȮɯËÐřÌÙÌÕÛɯ
measurement techniques, and from various 
investigators. Previous glass property models 
can be integrated (e.g. Lakatos et al; Hrma et al).(20) 
6ÐÛÏÖÜÛɯÔÜÓÛÐ×ÓÌɯÙÌÎÙÌÚÚÐÖÕȮɯÖÕÓàɯËÈÛÈɯÐÕɯÉÐÕÈÙàɯ
glass systems are directly comparable.

!ÙÖÈËɯ È××ÓÐÊÈÛÐÖÕɯ ÙÈÕÎÌȯɯThe accuracy of new 
measurements mostly cannot be derived directly 
ÍÙÖÔɯÚÐÔÐÓÈÙɯÙÌÚÜÓÛÚɯÐÕɯÛÏÌɯÚÊÐÌÕÛÐŗÊɯÓÐÛÌÙÈÛÜÙÌɯÖÙɯ
from NIST or DGG glass property standards. The 
multiple regression modelling approach may 
ÐÕÊÓÜËÌɯÚÌÝÌÙÈÓɯÎÓÈÚÚɯÛà×ÌÚɯÞÐÛÏɯËÐřÌÙÌÕÛɯÊÏÌÔÐ-
cal compositions; it makes them comparable. 
Consequently, the model allows predictions in 
composition areas that are not covered by com-
mon industrial models that are valid for only one 
Ú×ÌÊÐŗÊɯÎÓÈÚÚɯ Ûà×Ìȭɯ3ÏÌɯ ÙÌÚÜÓÛÚɯÖÍɯ Ìß×ÌÙÐÔÌÕÛÚɯ
inside and outside conventional ranges can be 
predicted and compared economically.

Future work

It is recommended that the demonstrated method be 
applied to all experimental values in the databases 
SciGlass(1) and Interglad(2) for “cleaning up” and 
organising the large volume of collected data, as in 
the work started by the author.(64,77) For example, up 
to now, such a well investigated glass property as the 
+ÐŲÓÌÛÖÕɯÚÖŜÌÕÐÕÎɯ×ÖÐÕÛɯÐÕɯÈɯÚÐÔ×ÓÌɯÉÐÕÈÙàɯÚàÚÛÌÔɯ
like SiO2–Na2O is not known exactly, as demonstrated 
through Table 21 and Figure 8. For other less inves-
tigated properties and multicomponent glasses, the 
ÜÕÊÌÙÛÈÐÕÛÐÌÚɯ ÈÙÌɯÔÖÙÌɯ ÚÐÎÕÐŗÊÈÕÛȭɯ (Ûɯ ÐÚɯ ÕÌÊÌÚÚÈÙàɯ
to quantify property values and the corresponding 
errors in detail.

The quality of the experimental data published 
by various authors should be evaluated based on 
statistical procedures described in this work and 
ÒÕÖÞÓÌËÎÌɯÖÍɯÛÏÌɯÚÜÉÑÌÊÛɯÔÈŲÌÙȮɯÐÕÊÓÜËÐÕÎɯÚàÚÛÌÔÈÛÐÊɯ
ÖřÚÌÛÚɯÖÍɯÞÏÖÓÌɯ ÚÌÙÐÌÚɯ ÈÕËɯ ÛÏÌɯ ÙÌÚÐËÜÈÓɯ ÚÊÈŲÌÙÐÕÎɯ
compared with other investigators. A “quality rating” 
for publications, authors, or institutions would help 
ÛÖɯ ÚÐÎÕÐŗÊÈÕÛÓàɯ ÐÔ×ÙÖÝÌɯ ÛÏÌɯ ÈÊÊÜÙÈÊàɯÖÍɯ×ÙÖ×ÌÙÛàɯ
predictions.

In the future, systematic experiments should be 
×ÌÙÍÖÙÔÌËɯ ÛÖɯŗÓÓɯ ÛÏÌɯÕÜÔÌÙÖÜÚɯ ÙÌÔÈÐÕÐÕÎɯɁÉÓÈÕÒɯ
Ú×ÖÛÚɂɯÖÍɯÎÓÈÚÚɯ×ÙÖ×ÌÙÛÐÌÚȭɯ%ÖÙɯÐÕÚÛÈÕÊÌȮɯÓÐŲÓÌɯÖÙɯÕÖÛÏ-
ÐÕÎɯ ÐÚɯÒÕÖÞÕɯÈÉÖÜÛɯ ÛÏÌɯ ÐÕŘÜÌÕÊÌÚɯÖÍɯÉÐÕÈÙàɯÎÓÈÚÚɯ
component interactions on properties besides very 
ÓÐÔÐÛÌËɯÐÕÍÖÙÔÈÛÐÖÕɯÐÕɯÊÖÕŗÕÌËɯÚàÚÛÌÔÚɯÊÖÕÊÌÙÕÐÕÎɯ
ÔÐßÌËɯÈÓÒÈÓÐɯ ÌřÌÊÛÚȮɯ ÉÖÙÖÕɯÈÕÖÔÈÓÐÌÚȮɯ ÖÙɯ ÈÓÜÔÐÕÈɯ
interactions.

Some steps of the statistical analysis procedure can 
be automated; hence, it is possible to introduce them 
into the databases SciGlass(1) and Interglad(2) directly, 

3ÈÉÓÌɯƖƕȭɯ+ÐŲÓÌÛÖÕɯÚÖŜÌÕÐÕÎɯ×ÖÐÕÛɯ ÐÕɯÛÏÌɯÉÐÕÈÙàɯÚàÚÛÌÔɯ
SiO2–Na2O for Na2.ǻƗƔɬƗƙɯÔÖÓǔ
 ÜÛÏÖÙ	 8ÌÈÙ	 Êȹ-È2.ȺɯÐÕɯÔÖÓǔ	 +ȭ/ȭɯÐÕɯȘ"
K. S. Evstropiev 	 1940	 34·00	 578·6
G. S. Meiling 	 1967	 33·46	 595·2
K. S. Evstropiev 	 1968	 33·30	 558·7
Shvaiko-Shvaiko	 1968	 30·00	 606·8
Shvaiko-Shvaiko	 1968	 35·00	 588·3
O. G. Ivanov 	 1969	 30·00	 600·2
O. V. Mazurin 	 1970	 30·00	 600·1
K. Matusita 	 1973	 33·30	 574·1
U. E. Schnaus 	 1976	 33·00	 600·8
6ȭɯ'ȭɯ#ÜÔÉÈÜÎÏɯ	 ƕƝƛƜ	 ƗƗ·31	 596·0
N. A. Ghoneim 	 1984	 33·33	 636·0
Y. Shiraishi 	 1987	 33·00	 597·0
R. Ota 	 1991	 33·30	 626·9
R. Ota 	 1995	 33·33	 613·9
M. Liska 	 1996	 33·41	 605·6
D. Ehrt 	 1997	 33·00	 592·5
D. B. Dingwell 	 1998	 30·61	 585·2
D. Ehrt	 2001	 33·00	 587·1
1ÌÍÌÙÌÕÊÌȯɯ2ÊÐ&ÓÈÚÚɯ#ÈÛÈÉÈÚÌɯÈÕËɯ(ÕÍÖÙÔÈÛÐÖÕɯ2àÚÛÌÔɯƘɇƔ

%ÐÎÜÙÌɯƜȭɯ+ÐŲÓÌÛÖÕɯÚÖŜÌÕÐÕÎɯ×ÖÐÕÛɯÐÕɯÛÏÌɯÉÐÕÈÙàɯÚàÚÛÌÔɯ2Ð.2– Na2O for Na2.ǻƗƔɬƗƙɯÔÖÓǔ
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especially for well investigated properties and within 
ÖŜÌÕɯÌßÈÔÐÕÌËɯÎÓÈÚÚɯÊÖÔ×ÖÚÐÛÐÖÕɯÙÈÕÎÌÚȭɯ (Ûɯ ÐÚɯÕÖÛɯ
recommended to automate all steps described in this 
work; glass science and statistical expertise must be 
considered.

The analysis procedure presented in this study is 
a powerful and economic tool for data organisation 
and modelling, based on empirical and impartial 
phenomenology. However, the technique does not 
ÈÓÓÖÞɯÈɯËÌÛÈÐÓÌËɯÚÊÐÌÕÛÐŗÊɯÜÕËÌÙÚÛÈÕËÐÕÎɯÖÍɯÈÓÓɯÚÛÈÛÌÚɯ
and processes within glass, e.g. on the atomic scale. 
3ÖɯÖÉÛÈÐÕɯÈɯÉÌŲÌÙɯÐÕÚÐÎÏÛɯÐÕÛÖɯÛÏÌɯÕÈÛÜÙÌɯÖÍɯÎÓÈÚÚȮɯÛÏÌɯ
simple linear and polynomial equations applied in 
this work may be replaced by equations with physi-
cal meaning such as those described in the nonlinear 
regression section above.

Conclusions

A statistical analysis method has been presented that 
enables the modelling of glass properties with high 
accuracy. It is possible for any user to perform all 
steps of the analysis in commonly available spread-
ÚÏÌÌÛɯÚÖŜÞÈÙÌȭ

Statistical analysis allows measurement accuracy 
to be established through the combined modelling of 
ÈɯÏÐÎÏɯÕÜÔÉÌÙɯÖÍɯÖÙÐÎÐÕÈÓɯËÈÛÈɯÍÙÖÔɯËÐřÌÙÌÕÛɯÚÖÜÙÊÌÚȭɯ
3ÏÌɯÔÖËÌÓÓÌËɯÈÊÊÜÙÈÊàɯ ÐÚɯ ÖŜÌÕɯ ÚÜ×ÌÙÐÖÙɯ ÛÖɯ Èɯ ÍÌÞɯ
test measurements within one laboratory because 
ÖÍɯÛÏÌɯÌÓÐÔÐÕÈÛÐÖÕɯÖÍɯÛÏÌɯÐÕŘÜÌÕÊÌɯÖÍɯÚàÚÛÌÔÈÛÐÊÈÓÓàɯ
ËÐřÌÙÌÕÛɯÌß×ÌÙÐÔÌÕÛÈÓɯÊÖÕËÐÛÐÖÕÚɯÈÕËɤÖÙɯÚàÚÛÌÔÈÛÐÊɯ
errors.

The detailed knowledge of glass property–compo-
sition relations makes targeted investigations possible 
ÞÐÛÏɯÔÐÕÐÔÈÓɯÛÐÔÌɯÈÕËɯŗÕÈÕÊÐÈÓɯÐÕÝÌÚÛÔÌÕÛȭ

The presented statistical analysis technique does 
not allow a detailed physical understanding of all 
states and processes within glass, e.g. on the atomic 
scale. Further work is necessary in this area.

For obtaining highly accurate glass property 
predictions it is recommended to systematically 
analyse all available glass databases, and to introduce 
a “quality rating” for publications.
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